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EDITOR'S PREFACE 


The present book is a freely revised and restyled version 
of the third edition of the Russian original (Moscow, 
1966). As in other volumes of this series, I have not 
hesitated to introduce a number of pedagogical and 
mathematical improvements that occurred to me in the 
course of doing the translation. l have also added a brief 
Bibliography, confined to books in English dealing with 
approximately the same topics, at about the same level. 


In their prefaces to the three Russian editions, the au- 
thors acknowledge the help of the following colleagues: 
Professors Y. P. Blank, V. L. German, G. I. Drinfeld, 
A. D. Myshkis, N. I. Akhiezer, P. K. Rashevsky, V. A. 
Marchenko and N. V. Yefimov. 
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VECTOR ALGEBRA 


In this chapter we define vectors and then discuss algebraic operations on 
vectors. The vector concept will be generalized in a natural way in Chapter 
2, leading to the concept of a tensor. Then in Chapter 3 we will consider 
algebraic operations on tensors. 


l.l. Vectors and Scalars 


Quantities which can be specified by giving just one number (positive, 
negative or zero) are called scalars. For example, temperature, density, mass 
and work are all scalars. Scalars can be compared only if they have the same 
physical dimensions. Two such scalars measured in the same system of units 
are said to be equal if they have the same magnitude (absolute value) and sign. 

However, one must often deal with quantities, called vectors, whose 
specification requires a direction as well as a numerical value. For example, 
displacement, velocity, acceleration, force, the moment of a force, electric 
field strength and dielectric polarization are ail vectors. Operations on vectors 
obey the rules of vector algebra, to be considered below. 

Scalars and vectors hardly exhaust the class of quantities of interest in 
applied mathematics and physics. In fact, there are quantities of a more 
complicated structure than scalars or vectors, called tensors (of order 2 or 
higher), whose specification requires more than knowledge of a magnitude 
and a direction. For example, examination of the set of all stress vectors 
acting on all elements of area which can be drawn through a given point of an 
elastic body leads to the concept of the stress rensor (of order 2), while 
examination of the deformation of an arbitrary elementary volume of an 
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elastic body leads to the concept of the deformation (or strain) tensor. We 
will defer further discussion of tensors until Chapter 2, concentrating our 
attention for now on vectors. 

A vector À is represented by a directed line segment, whose direction and 
length coincide with the direction and magnitude (measured in the chosen 
system of units) of the quantity under consideration. Vectors are denoted by 
boldface letters, A, B,... and their magnitudes by |A], |B|, .. . or by the 
corresponding lightface letters 4, B, ... When working at the blackboard, 
it is customary to indicate vectors by the presence of little arrows, as in 
A, B, .... 

The vector of magnitude zero is called the zero vector, denoted by 0 
(ordinary lightface zero). This vector cannot be assigned a definite direction, 
or alternatively can be regarded as having any direction at all. 

Vectors can be compared only if they have the same physical or geometri- 
cal meaning, and hence the same dimensions. Two such vectors A and B 
measured in the same system of units are said to be equal, written A = B, if 
they have the same magnitude (length) and direction. 


1.1.1. Free, sliding and bound vectors. A vector like the velocity of a body 
undergoing uniform translational motion, which can be displaced parallel 
to itself and applied at any point, is called a free vector [see Fig. 1.1(a)]. In 





(c) 


Fic. 1.1. (a) A free vector, which can be displaced parallel to itself; 
(b) A sliding vector, which can be displaced along its line of 
action; 
(c) A bound vector. 


three dimensions a free vector is uniquely determined by three numbers, e.g., 
by its three projections on the axes of a rectangular coordinate system. It 
can also be specified by giving its magnitude (the length of the line segment 
representing the vector) and two independent angles « and ß (any two of the 
angles between the vector and the coordinates axes). 

A vector like the force applied to a rigid body fastened at a fixed point, 
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which can only be displaced along the line containing the vector, is called a 
sliding vector {see Fig. 1.1(b)]. In three dimensions a sliding vector is deter- 
mined by five numbers, e.g., by the coordinates of the point of intersection M 
of one of the coordinate planes and the line containing the vector (two 
numbers), by the magnitude of the vector (one number) and by two inde- 
pendent angles « and & between the vector and two of the coordinate axes 
(two numbers). 

À vector like the wind velocity at a given point of space, which is referred 
to a fixed point, is called a bound vector [see Fig. 1.1(c)]. In three dimensions 
a bound vector is determined by six numbers, e.g., the coordinates of the 
initial and final points of the vector (M and N in the figure). 

Free vectors are the most general kind of quantity specified by giving a 
magnitude and a direction, and the study of sliding and bound vectors can 
always be reduced to that of free vectors. Therefore we shall henceforth 
consider only free vectors. 


1.2. Operations on Vectors 


1.2.1. Addition of vectors. Given two vectors A and B, suppose we put the 
initial point of B at the final point of A. Then by the sum A + B we mean 
the vector joining the initial point of A to the final point of B. This is also 
the diagonal of the parallelogram constructed on A and B, in the way shown 
in Fig. 1.2(a). It follows that the sum A + B + C + --> of several vectors 


eX 


(o) (b) (c] 


Fic. 1.2. (a) The sum of two vectors A+ B = C; 
(b) The sum of several vectors A + B+ C ---- —N; 
(c) Associativity of vector addition: (A + B). - C— A c 
(B--C)-A-B-C. 





A, B, C, . . . is the vector closing the polygon obtained by putting the initial 
point of B at the final point of A, the initial point of C at the final point of B, 
and so on, as in Fig. 1.2(b). The physical meaning of vector addition is clear 
if we interpret A, B, C, . . . as consecutive displacements of a point in space. 
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Then the sum A + B+C +--+» is just the resultant of the individual 
displacements, equal to the total displacement of the point. 

The definition just given implies that vector addition has the characteristic 
properties of ordinary algebraic addition, i.e., 


1) Vector addition is commutative: 
A+B=B+A; 
2) Vector addition is associative: 
(A+ B+C=A~—-(B+Q)=A+B+4+C. 


In other words, a sum of two vectors does not depend on the order of the 
terms, and there is no need to write parentheses in a sum involving three or 
more vectors [see Fig. 1.2(c)]. 

Since the zero vector has no length at all, its initial and final points 
coincide, and hence 

A-FO0-—A 
for any vector À. 

The fact that a quantity is characterized by a magnitude and a direction 
is a necessary but not sufficient condition for it to be a vector. The quantity 
must also obey the laws of vector algebra, in particular the law of vector 
addition. To illustrate thisremark, suppose a rigid bodyis rotated about some 
axis. Then the rotation can be represented by a line segment of length equal 
to the angle of rotation directed along the axis of rotation, for example in the 
direction from which the rotation seems to be counterclock wise (the direction 
of advance of a right-handed screw experiencing the given rotation). How- 
ever, directed line segments of this kind do not “add like vectors." This can 
be seen in two ways: 


1) Suppose a sphere is rotated through the angle a, about the y-axis in 
such a way that one of its points A, goes into another point Æ», as 
shown in Fig. 1.3(a), and let this rotation be represented by the 
directed line segment a,. Suppose a second rotation of the sphere 
through the angle «; about the z-axis carries A, into 4;, and let this 
rotation be represented by the directed line segment a,. Then if a, 
and æ, add like vectors, the rotation carrying A, into A, must equal 
a, — a, on the one hand, while on the other hand it must be represented 
by a directed line segment a, perpendicular to the plane 4,04;. But 
since a; does not lie in the yz-plane, it cannot be the sum of a, and ag. 
This is particularly apparent in the case where 
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Fic. 1.3. Rotation of a sphere about its axis. 
(a) The directed line segment a, does not lie in the plane of the segments 


a, and a; 
(b) Two ways of carrying a circular arc from one position (4,8;) to 


another (4; B, ). 


2) Both of the following operations carry a circular arc 4,8, on a sphere 


into a new position A,B, [see Fig. 1.3(b)]: 
a) A rotation through a; radians about the axis OA, (the directed 


line segment «,) followed by a rotation through a; radians about 


the axis OB, (the directed line segment a,); 
b) A rotation through a, radians about the axis OB, (the directed 


line segment a,) followed by a rotation through a, radians about 


the axis OA, (the directed line segment a; ).! 
Hence a, + a, must equal a, + a, if rotations add like vectors. But 


this is impossible, since a, + a, and a, 4- a, lie in nonparallel planes. 

Remark. Unlike the case of finite rotations of a rigid body, it turns out 
that infinitesimal rotations are vectors (see Prob. 10, p. 44). 

1.2.2. Subtraction of vectors. By the vector — A ("minus A”) we mean the 
vector with the same magnitude as À but with the opposite direction. Each 
of the vectors A and —A is called the opposite or negative of the other. 
Obviously, the only vector equal to its own negative is the zero vector, and 
the sum of a vector and its negative is the zero vector. 


If 
X -- B — A, 


! Note that à; = aj, a, = 24. 
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then adding —B to both sides of the 
equation, we obtain 

X — B + (—B) = A + (—B). (1.1) 
But 

X + B+ (—B) = X + [B + (-B)] 





A-B =X+0=X, 
B : and hence (1.1) implies 
X = A + (—B). 


Fic. 1.4. Subtraction of two vectors. "The right-hand side is the result of sub- 

tracting B from A and is written simply 

as À — B, without any intervening parentheses. Thus subtraction of B from 
A reduces to addition of A and the negative of B, as shown in Fig. 1.4. 


1.2.3. Projection of a vector onto an axis. Given a vector A and an axis 
u (see Fig. 1.5), by the projection of A onto u, denoted by 4,, we mean the 





Fic. 1.5. (a) Projection of a vector onto an axis; 
(b) Projection of one vector onto the direction of another. 


length of the segment cut from u by the planes drawn through the end points 
of A perpendicular to u, taken with the plus sign if the direction from the 
projection (onto u) of the initial point of A to the projection of the end point 
of A coincides with the positive direction of u, and with the minus sign 
otherwise. By the unit vector corresponding to the axis u we mean the vector 
Uy of unit length whose direction coincides with that of u (thus ua = |u| = 1). 
If o = (A, uy) denotes the angle between A and u,,? then 


A, = A cos 9 = A cos (A, uj). (1.2) 


! Given two vectors A and B, the angle between A and B, denoted by (A, B), will 
always be chosen to lie between 0 and r. 
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In fact, it is clear that |A cos o| always gives the length of the segment of the 
axis u between the planes drawn through the end points of A perpendicular 
tou. Moreover, the direction from the projection (onto u) of the initial point 
of A to the projection of the end point of A is the same as the positive 
direction of u if 9 < 7/2 and the opposite if p > 7/2. But then (1.2) auto- 
matically gives A, the correct sign, since 9 < 7/2 implies cos 9 > 0 and 
hence A, > 0, while 9 > 7/2 implies cos ọ < 0 and hence A, < 0. 

Thus the projection of a vector A onto an axis u equals the product of the 
length of A and the cosine of the angle between A and the positive direction 
of u.? 


1.2.4. Multiplication of a vector by a scalar. By the product of a vector 
A and a scalar m we mean the vector of magnitude |m| times that of A, with 
the same direction as A if m > 0 and the opposite direction if m < 0. Thus 


B = mA 
implies 
IB] = B = |m] |A| = |m| A. 
If m = —1, then B and A are opposite vectors. In any events, the vectors B 


and A are parallel or for that matter collinear (there is no distinction between 
parallel and collinear free vectors). 
It is clear that multiplication of a vector by a scalar obeys the following 
rules: 
m(nA) = (mn)A, 


mA + B) = mA + mB, 
(m — n)À = mA + nA. 


1.3. Bases and Transformations 


1.3.1. Linear dependence and linear independence of vectors. We say that 
n vectors Ay, Ay,...,A, are linearly dependent if there exist n scalars 
Ci Cn- - . , Ca Dot all equal to zero such that 


CyAy + CÅ +++ cb 6SÀ, = 9, (1.3) 
i.e., if some (nontrivial) linear combination of the vectors equals zero.‘ 


Vectors which are not linearly dependent are said to be finearly independent. 


* Before reading further, solve Exercise 1, p. 54. 
* By a “trivial” linear combination of vectors we mean a combination all of whose 
coefficients vanish. 
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In other words, n vectors Aj, Aj,..., A, are said to be linearly independent 
if (1.3) implies 
C= ='''=c, =. 


Two linearly dependent vectors are collinear. This follows from Sec. 
1.2.4 and the fact that 


GÅ + ¢c,B=0 
implies 
A - —g 
€ 
if c, Æ O or 
B=—“A 
Cg 
if c, x: 0. 


Three linearly dependent vectors are coplanar, i.e., lie in the same plane 
(or are parallel to the same plane). In fact, if 


CA -+ c,B -+ c,C -== 0 (1.4) 
where at least one of the numbers c,, cs, c4 is nonzero, say cs, then 
C = mA + nB 
where 
m=—%, n=—®, (1.5) 
C3 €3 


i.e., C lies in the same plane as A and B (being the sum of the vector mA 
collinear with A and the vector nB collinear with B). 


1.3.2. Expansion of a vector with respect to other vectors. Les A and B 
be two linearly independent (i.e., noncollinear) vectors. Then any vector C 
coplanar with A and B has a unique expansion 


C — mA + 1B (1.6) 


with respect to A and B. In fact, since A, B and C are coplanar, (1.4) holds 
with at least one nonzero coefficient, say cs. Dividing (1.4) by cs, we get (1.6), 
where » and n are the same as in (1.5). To prove the uniqueness of the 
expansion (1.6), suppose there is another expansion 


C= m'À + n'B. (1.7) 
Subtracting (1.7) from (1.6), we obtain 
(m — m')A + (n -- n)B = Q. 


But then m = m', n — n' since A and B are linearly independent. In other 
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words, the coefficients m and n of the expansion (1.6) are uniquely deter- 
mined. 

Let A, B and C be three linearly independent (i.e., noncoplanar) vectors. 
Then any vector D has a unique expansion 


D = mA + nB 4- pC (1.8) 


with respect to A, B and C. To see this, 
draw the vectors A, B, C and D from a 
common origin O (see Fig. 1.6). Then 
through the end point of D draw the three 
planes parallel to the plane of the vectors 
A and B, A and C, B and C. These planes, 
together with the planes of the vectors A 
and B, A and C, B and C form a parallel- 
epiped with the vector D as one of its diag- Fra. 1.6. An arbitrary vector D has 
onals and the vectors A, B and C (drawn = 8 unique expansion with respect to 
from the origin O) along three of its edges. ''r*e POOL Metus ALB 
If the numbers m, n and p are such that mA, eae 

nB and pC have magnitudes equal to 

the lengths of the corresponding edges of the parallelepiped, then clearly 





D = mA -+ (nB + pC) = mA + nB + pC 


as shown in Fig. 1.6. 
To prove the uniqueness of the expansion (1.8), suppose there is another 


expansion 
D = m'À +n'B+ pC. (1.9) 


Subtracting (1.9) from (1.8), we obtain 
(m — m^)A + (n — n)B + (p — p)C = 0. 


But then m = m',n =n’, p' = p since A, B and C are linearly independent by 
hypothesis. 


Remark. It follows from the above considerations that any four vectors 
in three-dimensional space are linearly dependent. 


1.3.3. Bases and basis vectors. By a basis for three-dimensional space we 
mean any set of three linearly independent vectors e;, e,, e. Each of the 
vectors e,, €z, e, is called a basis vector. Given a basis e,, €z, eg, it follows from 
the above remark that every vector A has a unique expansion of the form 


= me, + ne, + P®&s- 
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It should be emphasized that any triple of noncoplanar vectors can serve as 


a basis (in three dimensions). 


Suppose the vectors of a basis e,, e,, e; are all drawn from a common 






(e! xê 6 


Q a! a, x 


Fic. 1.7. An oblique coordinate system 
with basis e,, €p, es. 


origin O, and let Ox* denote the line 
containing the vector e,, where k ranges 
from 1 to 3.5 This gives an oblique co- 
ordinate system with axes Ox?, Ox?, 
Ox? and origin O (see Fig. 1.7). The 
case of greatest importance is where 
the basis vectors ej, €, €, are orthog- 
onal to one another and are all of 
unit length (such vectors are said to 
be orthonormal and so is the corre- 
sponding basis). The coordinate sys- 
tem is then called rectangular instead 
of oblique, and we write xj, x,, x; 
instead of x!, x?, x? (for reasons that 
will become clear in Sec. 1.6) and ij, i;, 
i, instead of e}, €z, e,. 


The position of a point M relative to a given coordinate system (rec- 
tangular or not) is uniquely determined by its radius vector r = r(M), i.e., 
by the vector drawn from the origin of the coordinate system to the point M 
(see Figs. 1.7 and 1.8). Suppose M has coordinates x,, Xz, x, in a rectangular 
coordinate system. Then x;, Xz, x, are the signed distances between M and 





Fic. 1.8. A rectangular coordinate system with basis i,, iz, is. 


* The reason for writing k as a subscript in e, and as a superscript in x* will soon be 
apparent. Do not think of x* as x raised to the kth power! 
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the planes x,0.x3, x40x, and x,Ox;, and hence 
r= xj, T X3l; T X34. 


The great merit of vectors in applied problems is that equations describing 
physical phenomena can be formulated without reference to any particular 
coordinate system. However, in actually carrying out the calculations needed 
to solve a given problem, one must eventually cast the problem into a form 
involving scalars. This is done by introducing a suitable coordinate system, 
and then replacing the given vector (or tensor) equations by an equivalent 
system of scalar equations involving only numbers obeying the ordinary 
rules of arithmetic. The key step is to expand the vectors (or tensors) with 
respect to a suitable basis, corresponding to the chosen system of co- 
ordinates. 

Consider, for example, the case of two dimensions. The position of a 
point M in the plane is uniquely determined by its radius vector r relative to 
some fixed point O which can be chosen arbitrarily and is independent of any 
coordinate system. However, before making any calculations, we must intro- 
duce a coordinate system. Then the position of the point M is given by two 
numbers p and q (called its coordinates), which now depend both on the 
coordinate system and on the units of measurement. In a rectangular system, 
these coordinates are just the (signed) distances p = x, and q = x; between 
M and two perpendicular lines going through the origin of coordinates. 
Holding one coordinate fixed, say p — const, and continuously varying the 
other coordinate, we obtain a coordinate curve. Thus there are two coordinate 
curves passing through every point of the plane. In rectangular coordinates 
these curves are simply the lines parallel to the coordinate axes. As the basis 
vectors corresponding to the coordinates p and q, we choose the unit vectors 
(i.e., the vectors of unit length) tangent to the coordinate curves at the point 
M. In rectangular coordinates these are just the unit vectors i, and i, parallel 
to the coordinate axes. 

Clearly, the basis vectors i, and i, of a rectangular coordinate system are 
independent of the point M and always intersect at right angles. Suppose, 
however, that the position of M is specified in polar coordinates, i.e., by 
giving the distance R between M and a fixed point O (called the pole) and the 
angle o between the line joining O to M and a fixed ray (called the polar axis) 
drawn from O. The coordinate curves are then the circles of radius R and the 
rays of inclination o, and the corresponding basis vectors are the unit vectors 
eg and e, shown in Fig. 1.9(a). Note that although eg and e, vary from point 
to point, they always intersect at right angles (compare the basis at M with 
that at N). Coordinate systems whose basis vectors intersect at right angles 
are called orthogonal systems, and are the systems of greatest importance in 
the applications. Coordinate systems whose coordinate curves are not 
straight lines are called systems of curvilinear coordinates (as opposed to 
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(a) (b) 


Fic. 1.9. Curvilinear coordinates in the plane. 


(a) Polar coordinates; 
(b) "Generalized" polar coordinates. 


rectangular or oblique coordinates). Three-dimensional curvilinear co- 
ordinates will be considered in detail in Sec. 2.8. 

Given a system of polar coordinates R and 8 with pole O, consider a 
system of rectangular coordinates x, and x, with origin O, and suppose the 
X-axis coincides with the polar axis of the system of polar coordinates. Then 
the relation between the rectangular coordinates x,, x, and the polar 
coordinates R, ¢ is given by the formula 

x, = Rcos 9, x,— Rsin o (1.10) 
and 
R=Vx +x (0cR«o) 
tan ọ = xe 
x 


(0 < p < 2z). 


More generally, consider the system of “generalized” polar coordinates u and 
0 whose coordinate curves are the ellipses 


Xie lx: 
TENE (0 < u < œ) 


(a > 0, b > 0, a # b) and the rays 





ax 
tan 0 = —3 
Xi 


(0 < 0 < 27), 


where the analogue of (1.10) is now 


x, aucos0, x. = busin 0. 
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The corresponding basis vectors are the unit vectors e, and e, shown in 
Fig. 1.9(b). Note that not only do e, and e, vary from point to point as in the 
case of ordinary polar coordinates, but the angle between them also varies 
(compare the basis at M with that at N) and is in general not a right angle. 
For this reason, the system of coordinates u, 0 is said to be nonorthogonal. 


Remark. Orthogonal coordinates are the preferred coordinates for solving 
physical problems. However, many prop- 
erties of orthogonal coordinates become 
clearer when they are regarded as a lim- 
iting case of nonorthogonal curvilinear 
coordinates. Thus, in this book, vectors 
and tensors will be considered in orthog- 
onal coordinates for the most part, but 
nonorthogonal coordinates will also be 
used occasionally. 


1.3.4. Direct and inverse transforma- 
tions of basis vectors. Consider two bases 
€, €z, € and e, e;, e; drawn from the same 
point O. Then any vector of the first basis — Fic. 1.10. Expansion of the vector e; 
can be expanded with respect to the with respect to the vectors ei, ès, €s. 
vectors of the second basis and conversely 
(see Fig. 1.10). Let al, a2, a?. be the coefficients of the expansion of e; with 
respect to the vectors e;, €z, e, respectively. Then 





3 
e; = ape, + ape, + ape, = Y ape, 
kel 
3 
e; = aye + ape, + apes = > u$, 
kml 
3 
e; = aye + aye; + azea = 2 aye, 
k=1 
or more concisely, 
3 
e=Dare, (i= 1,2,3). (1.11) 
k=l 
The nine numbers a* (i, k = 1, 2, 3) are called the coefficients of the direct 
transformation (from the unprimed basis to the primed basis). 
Similarly, let a”, a?, a? be the coefficients of the expansion of e, with 


respect to the vectors e,, €, €, respectively, so that 
3 
e,—-Ya'e (i—1,2,9. (1.12) 
k=1 


Then the nine numbers a* (i, k = 1, 2, 3) are called the coefficients of the 
inverse transformation (from the primed basis back to the unprimed basis). 
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There are simple relations between the coefficients of the direct and the 
inverse transformations. In fact, substituting the expansions of the vectors 
€, €z, € from (1.12) into (1.11) and regrouping terms, we obtain 


e; = ape, + are + ajes 
= a,(aie; + aie, + ayes) + ailaze + ` alase +) 
= (aya) Harag + apes er + (apai oc x + (agar ccc 
3 LI 3 . 
= ef Sala! +e; Sala? + ej Y ala? 


tal t=] Tm 


3 3 
= Ded arar. (1.13) 
k=l del 
In just the same way, we find that 


— 0 tea ai tela a? 


ial 


= Se, Safat, 


k=l] i=l 
Together this equation and (1.13) imply the following eighteen relations: 
0 if izj, 
È ara, = | 
i=] 1 if i=j, 
m (1.14) 
a. if i2, 
Zaiat =| ; 
m if i=j 


1.4. Products of Two Vectors 
1.4.1. The scalar product. By the scalar product (synonymously, the dot 
product) of two vectors A and B, denoted by A - B, we mean the quantity 
A* B = |A| |B| cos (A, B), (1.15) 


i.e., the product of the magnitudes of the vectors times the cosine of the angle 
between them. It follows from (1.15) and the considerations of Sec. 1.2.3 that 
the scalar product of A and B equals the magnitude of A times the projection 
of B onto the direction of A [see Fig. 1.5(b)] or vice versa, i.e., 


A+B = A5B = AB,. 
Scalar multiplication of two vectors is obviously commutative: 


A:B—B-A. 
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It is also distributive (with respect to addition), i.e., 
A*:(B-- C) - A-B-- B:C, 
as can be seen at once from Fig. 1.11. 


A necessary and sufficient condition for two vectors A and B to be 
perpendicular is that 


A-B=0. 


In fact, if A | B, then cos (A, B) = 0 
and hence A: B = 0, while ifA-B=0 
and A + 0, B Æ 0, then cos (A, B) = 
O and hence A | B.* 

The projection of a vector A onto 
an axis u equals the scalar product of 
A and the unit vector u, corresponding 
to u: 


A, = A* Us = Á cos (A, uj). 





Fic. 1.11. Distributivity of the scalar 
product : 
Since ON = OM + MN, 


|A| ON = |A| OM + |A| MN, 


This is an immediate consequence of je, 

formula (1.2). A-(B- C) - A- B4 B-C. 
Given a system of rectangular co- 

ordinates x!, x?, x°, let i, ig, i, be the corresponding basis vectors. Then 

any vector A can be represented in the form 


A = Aj, + Az, + Alz (1.16) 


[recall (1.8)]. Since the vectors ij, i, i; are orthonormal (see p. 10), we have 
the orthonormality conditions 


0 if jzk, 
i-i, = / (1.17) 
| if j—k. 
But then 
A +i, = (Aj + Ab + A3) d] = Ai rd, + d iz + Aai (ds 
—4,14-4,:04-4,:0— 4, (1.18) 
and similarly 
A-i, = Ag, A * i = Áz (1.19) 


In other words, A,, A, and A, are the projections of the vector A onto the 
coordinate axes. The numbers A,, A, and Ay, are called the components of A 
with respect to the given coordinate system. It follows from (1.17)-(1.19) 
that 

A = (A iji, + (A> iji, + (A> isdn. (1.20) 


If A = 0, say, then A can be regarded as having any direction at all, in particular 
the direction perpendicular to B or parallel to B. 
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The scalar product of two vectors A and B can easily be expressed in 
terms of their components: 


A* B = (Ai + Aala + 4515) (Bi + Bai: + Bais) 
= A,Byi, * i, + ADi h + Adia + iy BL, + ig E + AgBaig ts. 
The orthonormality conditions (1.17) then imply the important formula 
A+B = A,B, + A,B, + 4B. (1.22) 


1.4.2. The vector product. Given two vectors A and B, let C be the vector 
such that 


1) C is of magnitude |A| |B| sin (A, B) equal to the area of the parallelo- 
gram "spanned" by A and B (see Fig. 1.12); 

2) C is perpendicular to the plane of A and B; 

3) € points in the direction from which the rotation from A and B 
(through the smaller of the two possible angles) appears to be counter- 
clockwise. 





Fic. 1.12. The vector product. 


Then C is called the vector product (synonymously, the cross product) of A 
and B, denoted by A x B. Note that the vector product A x B points in the 
direction of advance of a right-handed screw turned from A to B. 
Unlike the scalar product, the vector product is not commutative, and in 
fact 
AxB—-—BxA 


(why ?), but it does obey the distributive law 


Ax(B+C)=AxB+AxC 


as shown in Fig. 1.13. 
A necessary and sufficient condition for two vectors A and B to be 
parallel is that 
Ax B= 0. 


In fact, if A || B, then sin (A, B) = O and hence A x B = 0, while if A x B = 
0 and A Æ 0, B = 0, then sin (A, B) = 0 and hence A || B (see footnote 6, 
p. 15). 
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Fic. 1.13. Distributivity of the vector product: A x (B+ C)= Ax B+ 
A x C: 
Project the vectors B, C and B + C onto the plane P perpendicular to 
A. Then enlarge the sides of the resulting triangle Och |A| times, obtain- 
ing the triangle Ode. Rotate Ode through the angle 7/2 in a way that 
would cause a right-handed screw to advance in the direction of A. 
This carries Ode into Od,e, (and the points e, b into c,, 6). Draw 


> — — 
the vectors Od,, Oe, and e;d,. Then the distributivity of the vector 
product follows from 


— — — 
Od, =A x (B + C), ed, =A XC, Oe, — À x B, 
together with 
— — — 
Od, = Oe, + eid. 


17 


Let i,, i, and i, be the basis vectors of a right-handed coordinate system 


like that shown in Fig. 1.14(a). Then 


i, x i, = ig, i, x i, = i, 
i, x i, = 0, i, x i, = 0, 


or more concisely ee ee eee ee 





AxB 


(a] (b) 


Fic. 1.14. The vector product A x B in right-handed and left-handed 
coordinate systems. 


(1.22) 
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where the indices i, j, k are a cyclic permutation of the numbers |, 2, 3.7 
Suppose we had defined the direction of A x B as the direction of advance 
of a left-handed screw when rotated (rom A to B. Then the formufas (1.22) 
would hold in a left-handed coordinate system, in which the axes have the 
relative positions shown in Fig. 1.14(b), and the vector product would have 
the direction opposite to the one it has in the original definition. From now 
on, for a reason that will be apparent later (see Secs. 3.4.2 and 3.7), we replace 
condition 3 on p. 16 by 


3’) The direction of A x B is such that the vectors A, B, A x B (in that 
order) have the same “handedness” as the underlying basis ij, ip, i, 
itself (see Fig. 1.14). 


Vectors (like the moment of a force, the angular velocity, etc.) whose 
directton is established by convention, and which therefore change direction 
when the “handedness” of the coordinate system is changed (from right- 
handed to left-handed, say) are called axial vectors. Vectors (like force, 
velocity, etc.) whose direction depends only on their physical meaning, and 
which therefore do not change direction when the “handedness” of the 
coordinate system is changed, are called polar vectors. To determine the 
nature of a vector, imagine it reflected in a mirror perpendicular to itself. 
If the reflection preserves the direction of the quantity describing the physical 
phenomenon, then the vector is axial (see Fig. 1.15). More will be said about 


(a) (b] 


Fic. 1.15. (a) Force is a polar vector, since reflection reverses the force; 
(b) Angular velocity is an axial vector, since reflection has no 
effect on the rotation. 


axial vectors (pseudovectors) and related quantities in Sec. 3.7. From now 
on, all coordinate systems and bases will be assumed to be right-handed 
unless the contrary is explicitly stated. 

By using (1.22), we can easily express the vector product of two vectors 





? The cyclic permutations of 1, 2, 3 are 
1,2,3, 2,3,1, 3,1,2. 


They differ from 1, 2, 3 by an even number of transpositions. 
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A and B in terms of their components: 
C = A x B= (Aj, + Aj, + A431) x (Bj + Bi; + Baia) 
= (A,B, — A4Bj)l, + (44B, — A,B43)i; + (4,B, — A,B). 
C, = (A x B), = A,B, — AB, 
C, = (A x B), = A3B, — ABa, 
C, = (A x B), = A,B, — A;H, 
C, = A,B, — A,B,, (1.23) 


where i, j, k is a cyclic permutation of the numbers 1, 2, 3. Formula (1.23) 
leads to the following simple way of writing the vector product as a deter- 
minant: 


Thus 


or more concisely 


i i d 
C=AxB=]A4, A4, Aj. (1.24) 
B, B, B, 


1.4.3. Physical examples. Vector and scalar products are intimately 
associated with a variety of physical concepts. For example, the work done 
by a force applied at a point is defined as the product of the displacement 
and the component of the force in the direction of displacement.* Thus the 
component of the force perpendicular to the displacement “does no work." If 
F is the force and s the displacement, then the work W is by definition equal to 


W = F,s = Fs cos (F, S) = F.s. (1.25) 


Suppose the force makes an obtuse angle with the displacement, so that the 
force is “resistive.” Then the work is regarded as negative, in keeping with 
formula (1.25). 

The simplest physical model of a vector product is the moment M of a 
force F about a point O, defined as 


M =r xF, 


where r is the vector joining O to the initial point of F. The positive direction 

of the vector M depends on the choice of the coordinate system, like the 

direction of the angular velocity vector due to the action of the moment M. 
An electric charge e in an electric field E experiences a force 


F, — eE, 


while an electric charge e moving with velocity v in a magnetic field H 
experiences a force 


F„ = £ (v x H), 
[M 


* Le., the projection of the force onto the direction of the displacement. 
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where c is the velocity of light. Hence tbe total force experienced by an 
electric charge e moving with velocity v in an electromagnetic field with electric 
field E and magnetic field H is given by 


F = eE + £ (v x H). 
€ 


If the charge moves a distance dr in time df, the work done by the electro- 
magnetic field is 


Fdr- Feds = Fevdr- [£c fe x HD] var 
c 


This work goes into changing the kinetic energy U of the moving charge. 
The magnetic field does no work, since the force F,, due to the magnetic 
field is perpendicular to v at every instant. Hence the work done by the 
electromagnetic field is due to the electric field alone and is done at the rate 
au = eE-v. 
dt 
The magnetic field changes the direction of the charge's velocity, but not the 
magnitude of the velocity. 


1.5. Products of Three Vectors 


1.5.1. The scalar triple product. By the scalar triple product of three 
vectors A, B and C, we mean the scalar 


V -- (A x B)- C = JA x B| C, „a = IA x B| h, 


where Caixa = Å is the projection of C onto the direction of A x B (see Fig. 
1.16), i.e., the height of the parallelepiped 
"spanned" by A, B and C. Since |A x B| 
is the area of the base of this parallelepiped, 
the scalar triple product is just the volume of 
the parallelepiped taken with the plus sign 
or the minus sign depending on whether the 
angle between the vectors C and A x B is 
acute or obtuse. 
Using formulas (1.21) and (1.24), we 
Fic. 1.16. The scalar triple product deduce the following simple representation 
of three vectors. : : 
of the scalar triple product in terms of the 





* Here E and H are the values of the fields at the position of the charge. In general, of 
course, E and H vary from point to point. 
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components of the vectors A, B and C in a rectangular coordinate system: 


i 5 d Ci C: C, 
(Ax B)-C —|4, Az Asgl > (Cyl + Cia + Caia) = |4; Aa Aaj. (1.26) 
B, B, B, B, B, B, 


It follows from (1.26) and a familiar property of determinants that the scalar 
triple product is invariant under cyclic permutations of the vectors A, B and 


(A x B): € = (B x C)- A = (C x A)- B. (1.27) 


Moreover, the scalar triple product vanishes if two of the vectors A, B and C 
are identical (or parallel): 


(A x B): A = (A x B)- B = (A x A)- B = 0. 


Three vectors A, B and C are coplanar (linearly dependent) if and only if 
they span a parallelepiped of zero volume, i.e., if and only if their scalar triple 
product vanishes: 

A, Az As 


(Ax B)-C=|8, B, B,| =0. (1.28) 
C.-C; € 


It follows that three vectors A, Band C form a basis ifand only if(A x B): C 4 
0. The basis is said to be right-handed if (A x B)» C > 0 and left-handed 
if (A x B)- C « 0. A typical right-handed basis is shown in Fig. 1.14(a) 
and a typical left-handed basis in Fig. 1.14(b). 


1.5.2. The vector triple product. By the vector triple product of three 
vectors A, B and C, we mean the vector A x (B x C). Clearly A x (B x C) 
is perpendicular to A and lies in the plane of B and C (see Fig. 1.17). 





Fic, 1.17, The vector triple product of three vectors. 
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Suppose the vectors A, B and C are noncollinear [otherwise A x (B x C) 
vanishes trivially]. Then A x (B x C) has a unique expansion of the form 


A x (B x C) = mB + aC (1.29) 
(recall Sec. 1.4.2). To determine the scalars m and n, we introduce the vectors 
D=BxC, E=AxD=Ax (Bx C) 


with components D, D,, Da and £,, Ez, £,in the same rectangular coordinate 
system used to define the components of A, B and C. Then, according to 
(1.23), 
E, = A,D, — A3D;, 
and moreover 
D; = (B x C), = B,C, — B,C), 


D, = (B x C), = BC, = B,C,. 
]t follows that 


E, = A,(B,C, — B,C)) — A(B,C, — B,C) 
= B(A.C, + A3C3) — Ci( 45B; + ABa). 


Adding and subtracting A,B,C, from the right-hand side and using (1.21), 
we find that 


E, = BAC, + AC; + A5C4) — CI(A,B, + AB, + AaB) 
= B(A-C) — C(A » B). 
In just the same way, it turns out that 
E, = B{A-C) — C(A » B), 
E, = B(A - C) — C(A - B). 
Therefore the coefficients m and n in (1.28) are 
m=A-C, n= —A-*B, 
so that (1.29) finally becomes 
A x (B x C) = B(A- C) — C(A- B). (1.30) 
It follows from (1.30) that 


(A x B) x € = B(A- C) — A(B- C). 
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1.5.3. “Division” of vectors. The solution of 
equations usually leads to the operation of division, 
an operation which in the case of vectors is not 
unique. This difficulty appears even in the case 
of the scalar product (the simplest of the products 
introduced above). In fact, thinking of division as 
the inverse of multiplication, let 


a:x—m (a Æ 0), 





where x is an unknown vector. This equation has 
infinitely many solutions, since it merely determines 
the projection of x onto the direction of the given 
vector a (see Fig. 1.18). Hence the operation of division is best avoided 
altogether in vector algebra. 


Fic. 1.18. Illustrating the 
equation a - X — ax, — m. 


1.6. Reciprocal Bases and Related Topics 
1.6.1. Reciprocal bases. Given any vector A, let i,, i;, is be three ortho- 
normal vectors. Then 
A = (A: iji, + (A> iji; + (A> ig)ig (1.31) 


(cf. (1.20)). The generalization of (1.31) to the case of three orthogonal 
vectors e,, €;, € (not necessarily of unit length) is immediate. We need 
merely note that the vectors 


E REO ME AED (1.32) 


(e, = leil, i = 1, 2, 3) are orthonormal, and then substitute (1.32) into (1.31), 
obtaining 








e; + "S es. (1.33) 


We now consider the even more general problem of expanding an arbitrary 
vector A with respect to three noncoplanar vectors e,, ej, e,, which are in 
general neither orthogonal nor of unit length. Let the expansion coefficients 
be A}, A?, A®, so that!? 


A = A'e, + A*e, + DG. 
ain we point out that a superscript on a coordinate, a component or a vector ha 
1° Ap p h pe pt dinat p t tor has 


nothing to do with the exponent of a quantity raised to a power (cf. footnote 5, p. 10). 
The significance of this notation will be apparent in Sec. 1.6.3. 
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Then the problem reduces to projecting A onto the axes of some coordinate 
system and solving the resulting system of three scalar equations for the 
unknowns A}, A?, A*. This important problem can be solved directly by the 
method of reciprocal bases. 
Two bases e;, e,, e, and e!, e*, e? are said to be reciprocal if they satisfy the 
condition 
0 if izk, 
e:c— (1.34) 
1 if i= k. 


In other words, each vector of one basis is perpendicular to two vectors of the 
other basis, i.e., the two vectors whose indices have different values.!! 
Moreover (1.34) implies 


le,| Je*1 cos (e, e) = 1 > 0 


and hence cos (e,, e") > 0. Hence each vector of one basis makes an acute 
angle (possibly a right angle) with the vector of the other basis whose index 
has the same value. 

If we construct the parallelepipeds spanned by the two bases [of volumes 
|V| = Je, * (e; x ey] and |V'| == [e! - (e? x e)]], then the faces of each par- 
allelepiped are perpendicular to the edges 
of the other. Since (1.34) implies 


I 


le m 
le,| cos (e,, e') 


the magnitude of each vector of one basis 
equals the reciprocal of the corresponding 
parallel altitude of the parallelepiped 
spanned by the reciprocal basis (see Fig. 
1.19). 

To explicitly construct the reciprocal 
basis el, e”, e? corresponding to a given 
basis ej, €z, e,, we proceed as follows: 
The vector e! must be perpendicular to 
the vectors e; and e,. Therefore 





Fic. 1.19. Reciprocal bases and their 

parallelepipeds. The magnitude of e? 

equals the reciprocal of the parallel 
altitude A. 


e! = m(e, x e), 
where the scalar m can be determined from the condition 


eel = |, 
i.e., 
me, * (e, x e) = H. 





11 The term index will be used to denote either a subscript or a superscript. 
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Since e, - (e, x ej) Æ 0 (the vectors e,, e,, e, are noncoplanar, being basis 
véctors), we have 


1 e X es Oz XC (1.35) 


5 


| e (e X €z) V 


where |V| is the volume of the parallelepiped spanned by the basis e;, €z, €x. 
Similarly, we find that 


aX go ee 
V V 
Together with (1.35), this gives 
Q0 X € 
e 5, 1.36 
T (1.36) 


where i, j, k is a cyclic permutation of 1, 2, 3. 
The analogous formulas for the vectors e, €z, e, in terms of the vectors 
el, e?, e? are found in the same way and take the form 





iu exe exe 
D uL qu ; 
e! - (e? x e?) V' 
| exe 
V TREE 
exe 
e& = y' , 


where |V'| is the volume of the parallelepiped spanned by the basis e!, e?, e. 
More concisely, we have 
exe 
e; = —À d 
y’ 
where i, j, k is again a cyclic permutation of 1, 2, 3. 
The following two properties of reciprocal bases should be noted: 


1) The reciprocal basis of an orthonormal basis e, = i, e; = in, e = i; 
is itself an orthonormal basis, consisting of the same vectors. In fact, 


(Gp xe) dB xi) ded l 
(recall (1.17) and (1.22)], and similarly 


e 


e? =i, e= i 


2) Two reciprocal bases are either both right-handed or both left-handed. 
This follows from the formula VV' — 1 (whose proof is left as an 
exercise). 
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We now return to the problem of expanding a vector A with respect to 
three noncoplanar vectors e, €z, €, Le., of finding the coefficients A!, A?, A? 
in the formula 

A = Ale, + Ae, + Aes. (1.37) 


Let e!, e?, e? be the reciprocal basis of ej, e;, e. Then it follows from (1.34) 
that 


3 
A * e! = Y A*e, - e! = Ale; e = A' (i = 1,2, 3). 
k=1 
For example, 


1 _ A: (e; x e 


A'=A-e . 
e, * (e, x e) 


Thus (1.37) becomes 
A = (A » ele, + (A: ee; + (A> eD)e;, 


which is the desired generalization of (1.31) and (1.32). 
Using the reciprocal basis, we can easily find the vector A satisfying the 
system of equations 


A-e, =m, Å -è = ms, À-e = m, (1.38) 
In fact, it follows from (1.34) that 
A = me! + me + me 


is a solution of (1.38). Moreover, A is unique since if A’ were another 
solution, i.e., if A’ satisfied the system 


A’ id €i = nm, A’ * e. = Mə, A’ b èz => Maas (1.39) 


then subtracting every equation of (1.39) from the corresponding equation 
of (1.38) would give 


(A — A’)-e, = (A — A’) -e = (A — A):e = 0. 


But then A — A’ = 0 and hence A = A’, since a vector perpendicular to 
every vector of the basis e,, e, e, must vanish (why?). 


1.6.2. The summation convention. From now on, we will make free use of 
the following convention, universally encountered in the contemporary 
physical and mathematical literature: 


1) Every letter index appearing once in an expression can take the values 
1,2 and 3. Thus A, denotes the set of 3 quantities 


A, Ag, Ay, 
Aj, the set of 3? = 9 quantities 
Ay, Ap, Aus Ag, Ax, Ass, As), Aso; Asy 
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A'* the set of 3* = 9 quantities 
AM, Alt AY, AM A, A?3, A", A. A®, 
and so on. 


2) Every letter index appearing twice in one term is regarded as being 
summed from | to 3. Thus 


3 
A, = > A, = Ai, + Age + Asa; 


iz] 


J 
A,B! = Y A,B’ = A,B + A,B? + A,B’, (1.40) 


rl 
3 
A,B*C' = B* Y AC! = B'(A,C! + AC? + AC’). 
1-1 
With this convention, we can drop the summation signs in (1.11) and 
(1.12), writing simply 
e; = ye, 
e; = aez 
Note that in the second of these equations, the summation is over k and not 
over K'. In other words, the prime in x* "attaches itself” to any value of k. 
Similarly, we can drop both summation signs in (1.13) and (1.14), obtaining 


$0 QI ku, 


— aUL K 
ei m &; X 0. 


The value of a sum obviously does not depend on the particular letter chosen 
for an index of summation, e.g., 


Ai, xx Ay, = Au + Age + Ass 


For this reason, indices of summation are often called “dummy” indices. 

There is another convention that will prevail throughout this book: Let 
K and K' be two coordinate systems, and let P be an arbitrary point. Then 
the coordinates of P in K will be denoted by x, (or by x* if K is not a rec- 
tangular system), and the coordinates of the same point P in K' will be denoted 
by x; (or by x'' if K’ is not a rectangular system). The same rule also applies 
to components of vectors (and, more generally, of tensors). Thus, for example, 
A, and A, are the components of the same vector A with respect to the “first” 
axis of the systems K and K', respectively, and not the components of two 
different vectors in the same system. 


1.6.3. Covariant and contravariant components of a vector. In studying 
reciprocal bases, we found that the same vector À can be expanded as 


3 
A = Ale, + A'e, + Ae, = Y Ale, : A'e, (4— A-e) (1.41) 
i=l 
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with respect to the vectors of one basis e, e,, ey. and as 
3 
A = A,e' + Aye? 4. A.) — Y Ae' = Ae! (A,;=A-e) (142) 
ee | 


with respect to the vectors of the reciprocal basis e!, e?, e?. The numbers 4' 
are called the contravariant components of A. while the numbers A, are 
called the corariant components of A. The situation is illustrated by Fig. 1.20, 
which shows the covariant and contravariant components of a vector A 
lying in the plane of the vectors e, and és. 





Fic, 1.20. Covariant and contravariant components of a vector in the 
planc: 


The covariant components A,, A, can be found cither from the com- 
ponenis A, |e'|. A; [e?| of the vector A with respect to the directions of 
the reciprocal basis or from the projections 4j/|e;|. 4;/|e;| of A onto 
the axes of the original basis. The contravariant components A’, A? 
can bc found either from the components A! |e,|, A? |e,| of A with 
respect to the directions of the original basis or from the projections 
A'j|e'|. AFE] of A onto the axes of the reciprocal basis. 


These designations of the components of a vector stem from the fact that 
the direct transformation of the covariant components involves the coefficients 
at. of the direct transformation, Le., 


Ai = x;-A,, (1.43) 
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while the direct transformation of the contravariant components involve the 
coefficients a!’ of the inverse transformation: 


A" = at A*. (1.44) 


To see this, let A have covariant components 4, and contravariant com- 
ponents A‘ in the coordinate system defined by the basis e,, e;, e,, and let A 
have covariant components A; and contravariant components A‘ in another 


coordinate system defined by the basis ej, e, e, First we observe that 
formulas (1.11) and (1.12), p. 13 imply 


ar—ee, ai -—e;e* (1.45) 


Then, forming the scalar product of the vector e, and both sides of the 
expansion A = A,e*, we obtain 


À e; = A,e;- e, 


which reduces to (1.43) because of (1.42) and (1.45). Similarly, forming the 
scalar product of the vector e'* and both sides of the expansion A = A*e,, 
we obtain 

A. e" — A'e, e, 


which reduces to (1.44) because of (1.41) and (1.45). We leave it as an 
exercise for the reader to verify that the inverses of the formula (1.43) and 
(1.44) are 

A= of Ay, — A = a A. 


In connection with the concept of contravariant components, it should be 
noted that the coordinates of a point in an oblique coordinate system should 
be written with superscripts: x!, x?, x*. This is immediately clear if we recall 
from Fig. 1.7, p. 10 that the coordinates are the contravariant components 
of the radius vector of the point: 


r= xle, + xe, + xe, 7x x*e,. 


1.6.4. Physical components of a vector. It will be recalled that operations 
on vectors are defined purely geometrically, with vectors thought of as 
directed line segments of length proportional to the magnitude of the 
quantities they represent and without regard for the physica! dimensions of 
these quantities.'? Clearly the physical dimensions of the components A‘ and 
A, of the same vector A = A'e, = A,e' are different, in a way determined by 
the dimensions of the basis vectors and the relations e, -e' = |. However, it 
is possible to introduce “physical” components of vectors, whose dimensions 


11 Except for the obvious requirement that all vectors appearing as terms in the same 
equation have the same physical dimensions. 
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coincide with those of the vectors themselves. This is done by defining a new 
“unit basis” 
Zu 
' le,| 
(the vectors e? are all of unit length) and its reciprocal basis 
e*' = e! le. 
Then 
A = Ave! = Aes, 

where, by definition, A* and A*' are the physical components of A. 

The relation between the physical components of a vector and its co- 
variant and contravariant components is easily found to be 


= ÁA*' = A' le, (no summation over i). 





Fic. 1.21. The “physical” components of a vector. 
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of A onto the directions of the vectors e*, while the 4* are the (orthogonal) 


projections of À onto the same directions. 


We can just as well start from the reciprocal basis, defining the unit basis 


as 
e! 
wee 7. 
Wen 
lel 
and its reciprocal as 
e** = e; le'l 
We then have 
. . ] ok e 
e**' = e*' cos (e', e), e, = : 


and 
* 
LI A, 


* — cos (e', e)’ 


cos (e, e) 


A**' — A*' cos (e, e,), 


i.e., both definitions are essentially equivalent, with everything reducing to 


the choice of units of measurement. 


It should be emphasized that calculations are almost always done with 
ordinary covariant and contravariant components, with the transcription to 


physical components being made only at the end (if necessary). 


1.6.5. Relation between covariant and contravariant components. Taking 
the scalar product of (1.41) with e, and the scalar product of (1.42) with e', we 


obtain 
A-e,= A'(e, * €), 


A-e' = A,(e - e*). 
Then introducing the notation 


e* €, = Bix = Beir 


e‘. eX = pik — pti 
0 if iz k, 
ej * e* = g* — ] 
1 il ik, 
we can write (1.46) in the form 
A, zi gu. A*, 
Ai = gi*¥A,. 


(1.46) 


(1.47) 


(1.48) 
(1.49) 


These formulas express the covariant components of the vector A in terms of 
its contravariant components, and vice versa. As will be shown in Sec. 2.9.2, 
the nine quantities g,, form a second-order tensor, and so do g'* and g*. 
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The quantities g,, (or g'*) describe the fundamental geometric charac- 
teristics of a space ‘‘amthmetized” by introducing the coordinate system with 
basis €,, €, e and corresponding coordinates x!, x?, x”. To see this, let ds 
be the arc length between two infinitely close points x' and x‘ + dx‘, and let 
the vector dr joining the two points have covariant components dx, and 
contravariant components dx". Then 


(ds)? = |dr|* = dr- dr = e; dx'- e, dx* = e; dx! - e* dx, = e! dx, - e* dx,, 


or 
(ds)? m Bik dx! dx*, 


(ds)? = g'* dx, dx,, (1.50) 
(ds)? = dx, dx' 


with the notation (1.47). The formulas (1.50) express the square of the 
element of arc length in the given coordinate system in terms of g,, (or g'*), 
i.e., the quantities g,, (or g'*) "determine the metric" of the given space and 
hence are known as the metric tensor. 

To find the relation between the quantities g,, and g'*, we regard (1.48) 
as a system of three linear equations in the unknowns 4!, A*, 43, with 


solution 
9 


ik 
A= AC At — G*A; (0-50 
G G 
Here 
Bu Bi Bia 
G —detg,-—|En 822 £m 
En §a2 §13 


and G" is the cofactor of g,, in the determinant G. This quantity can be 
written in the form 


E» Bot 
Ers Eri 


G'* = 


3 








where i, p, r and k, s, t are both cyclic permutations of 1, 2, 3. Thus, for 
example, 


Ez 822 
Ba £5 


B5 Ba 
Ba £m 


822 E23 
B» E» 


Gi — A Gi = , Gh Z= 
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A comparison of (1.51) with (1.49) now gives the formula 
g=, (1.52) 


expressing g'* in terms of the g,,. In just the same way, it can be shown that 


G 
Bik = Gi , 
where 
ps pt 
G' = det g^, Gy, = E : 
gn g" 








On the other hand, by direct calculation based on (1.47) and (1.36), we 
obtain 


f 


: l || 
g" = eem Ta (€p x e)-(exe)— 7, Ihe, x e) x e] +ê, 


i n [e,(e, D e.) mm e, (e, z e,)] : e, 


i (1.53) 
PT [(e, - e,)(e, - e) — (e, + ee, - e] 
_ l/[e9'$ e, * €, Ax Eps Bpi 

y* e, : e. e, ^ e, y? Ers Bri ' 














where we have also used (1.27) and (1.30). Comparing (1.53) and (1.52), we 
find that 


GV} nop. (1.54) 


where, according to Sec. 1.5.1, the plus sign is chosen if the given basis 
€i, €z, € is right-handed. Similarly, it can be shown that 


Gave Via EG. 
In particular, 
GG' = | 


since VV’ = [. Thus the volume of the parallelepiped spanned by the basis 
€;, €;, & (assumed to be right-handed) equals VG, while that of the parallele- 
piped spanned by the reciprocal basis e!, e?, e? equals VG. 


1.6.6. The case of orthogonal bases. Orthogonal bases are particularly 
important since the coordinate systems most commonly used in physics and 
applied mathematics are orthogonal. In this case, the original basis ej, e;, €, 
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and its reciprocal e!, e?, e? are both orthogonal,!? and it follows from (1.47) 


that 
Ba = g = 0 if iz. 


As a result, (1.48) and (1.49) become 
A, = gu, 4s = 222A, Ag = 835A?, 


Ai = gA,, A? — £**A,, A= £7 A5, 
and hence 
zd 


£u = 1 Ez _— 3 £3a . 
g`! g” g? 
Moreover 


(49 = Y (h, dx, 
where the quantities ii 
hy = V gw hs = gus hy = V En 
are called the merric coefficients. 


Remark 1. The physical components A? and A*', the covariant com- 
ponents A, and the contravariant components 4! all coincide in a rec- 
tangular coordinate system with orthonormal basis vectors. Moreover, the 
physical components A4? and A*' coincide in any orthogonal system (why?). 


Remark 2. The notation introduced in this section is governed by the 
following rule whose mnemonic character helps to keep things straight in 
writing formulas: Summation can only take place over "dummy" indices in 
different positions, where two indices are said to be in different positions if 
one is a subscript and the other a superscript. For example, the expressions 
A,B', g'*A, represent sums, bul not the expressions A*B*, g'*A*. In this 
regard, we sometimes describe the equation 


A! -—- g'*A, 
as the operation of "raising" an index and the equation 
A, = £u. Ah 


as the operation of "lowering" an index (the "operator" is the set of nine 
coefficients g,, or g'*). 


33 [n fact, the two bases coincide if e,, ej, e; is orthonormal. 
14 "Dummy" in the sense that any other letter will do just as well, e.g. A' = e'*A, = 
g" 4 = g'"An. 
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The above rule will be particularly useful later in dealing with algebraic 
operations on tensors written in curvilinear coordinates. Of course, in 
rectangular coordinates, the expressions A,,, 4,B,, etc. can be thought of as 
sums, as in the first of the equations (1.40). 


1.7. Variable Vectors 


1.7.1. Vector functions of a scalar argument. A vector, just like a scalar, 
can vary with respect to both spatial position r and time f, giving rise to a 
vector function A = A(r, t). Here we confine ourselves 
to the case of a vector function of a scalar argument, 
ie. a rule assigning a unique value of a vector A to 
each admissible value of a scalar f (usually, but not 
necessarily, the time). If A is a function of t, then so A: AU] 
are all its components, as well as its magnitude and 
direction. 

Suppose the vector A = A(r) is drawn from a fixed 
point O. Then as ¢ varies, the end point of A traces 0 
out a curve called the hodograph of A (see Fig. 1.22). Fig. 1.22. The hodo- 
If A varies only in magnitude, the hodograph reduces graph of A = A(7). 
to a straight line as in Fig. 1.23(a), while if A varies 
only in direction, the hodograph reduces to a curve lying on the surface of 
a sphere as in Fig. 1.23(b). If the hodograph is a straight line, then in 
general both the magnitude and the direction of A can vary, as shown in 


A= AU) 
alr) 
A: Al!) 
A: Alt 
C 


(a) (bi (c) 
Fic. 1.23. (a) The hodograph of a vector varying only in magnitude: 


— = const: 


(b) The hodograph of a vector varying only in direction: 
|A| = const; 


(c) Representation of a vector whose hodograph is a straight 
line. 
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Fig. 1.23(c), but A can always be represented as the sum of a constant 
vector and a vector varying only in magnitude, i.e., 


A= A(r) ^ c + a(t), 
where! 


a 
= const, — = const. 
lal 


1.7.2. The derivative of a vector function. Given a vector function A(r), 
suppose there exists a constant vector A, such that 
lim |A(1) — Aol = 0. 
tt 
Then the vector A, is called the /imit of A(t) as t approaches fa By the 
A derivative dA/dt of a vector function A(t) we 
mean the limit 
A(t = At) — A(t) AA 


lim =lim—, (1.55) 
&t0 At at~o At 





provided it exists. Since the vector AA/Ar is 
re ee ar eee directed along the secant to the hodograph, 
function of a scalar argument, _ its limit as At — 0, namely the vector dA/d?, is 
then the derivative dA/dr is a directed along the tangent to the hodograph 
vector directed along the tan- of A (see Fig. 1.24). 
Bent to the hodograph of A(1). Let A, == A,(1) be the components of A(t) 
with respect to a fixed rectangular coordinate 
system which is independent of the argument t and has orthonormal basis 
vectors i,, i,, i. Then 


A = Aip 
dA  dA,, 
L -—, 
dt dt 


(a) - ses 
dt dt’ 
Le., the components of the derivative dA/d! are the derivatives of the com- 


ponents of the vector function A(t), provided the coordinate system is 
independent of t. Moreover, the derivative dA/dt has magnitude 


E- Js) + G6 + (a5 


is By z = const, € = const, we mean that z is a constant scalar and c a constant 
vector. 





SEC. 1.7 VECTOR ALGEBRA 37 


Let r be the radius vector giving the position of a moving particle, and let 
t be the time. Then the motion of the particle is characterized by a vector 
function r = r(/). The velocity v and acceleration a of the particle at time f 
are given by the first and second derivatives of r(t): 


dr 
t -—, 
v(t) 3 

dv dr 
))-—--— 
(0 dt dr? 


The following rules for differentiating vector functions are an immediate 
consequence of the definition (1.55): 


(1) T. (A+B py— A 8o, 
dt 
(2) (cA) = SE a aqua (c a scalar) 
dt dt 
O) LEES 
_ dA dB 
(4) Ax B) z x Bet Aor. 


For example, is 4 is proved by observing that 


4 (4 x B) = lim (^ + AA)x (B + AB) — A x B 


At-0 At 
lim (AA x B) + (A x AB) + (AA x AB) 
At—0 At 
EL a ima glimas x AB 
at~o Af atmo At = atwo Af 
= LL B-rAx dB 
dt dt 


In using this rule, we must always bear in mind that the vector product is 
noncommutative. 


1.7.3. The integral of a vector function. By the (indefinite) integral of the 
vector function A(r), we mean the vector function B(t) = fA(t) dt whose 
derivative equals A(z), i.e., such that 


Thus 
B(t) = | A(t) di + C, 
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where C is a constant vector. Jn a fixed coordinate system which does not 
depend on t, the components of the integral B(r) are completely determined 
by the integrals of the components of the vector function A(f), i.e., 


B, — {Ao dt + C, 


Similarly, we can introduce the concept of the definite integral of a vector 
function. 


SOLVED PROBLEMS 
Problem 1. Find the formulas describing the transformation from one 
rectangular coordinate system to another. 


Solution. Suppose we introduce two rectangular coordinate systems K and 
K', with orthonormal bases i, iz, i; and i;, b, i, (see Fig. 1.25). Then the 





Fic. 1.25. Transformation of rectangular coordinates. 


problem consists of expressing the coordinates x, x;, x; of an arbitrary point 
M in the system K in terms of its coordinates x;, x, x, in the system K’, and 
vice versa. 

Let r and r' be the radius vectors of the point M in the systems K and K’. 
Moreover, let the origin O' of the system K’ have radius vector r, and 
coordinates x,, in the system K, while the origin O of the system K has radius 
vector r, = —r, and coordinates xo, in the system K’. Finally, let a,., be the 
cosine of the angle between the /th axis of the system K' and the kth axis of 
the system K, so that 


Zye = COS (Xj, X,) = iy cl. (1.56) 
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Then 
r=r > 4%, 
r=rtity 
and hence 
xi, = xi, + Xoxkis (1.57) 


(with summation over the index k). Taking the scalar product of (1.57) with 
i, and the scalar product of (1.58) with ij, and using (1.17) and (1.56), we 
obtain the formulas 
OR De or + Xor = MX, + Xop (1.59) 
x, — (i ik) Xk + Xor = Spake + Xon 
expressing the transformation from the system K to the system K”. 

The coefficients a,.,, ay satisfy certain orthogonality conditions, which can 
be obtained by using formula (1.20) to expand the basis vectors i, of the 
system K with respect to the basis vectors i, of the system K', and vice versa. 
In fact, setting A = i, in (1.20) gives 

ig = ail, (1.60) 
and similarly 

i, = ariy. (1.61) 
Taking the scalar product of (1.61) with i,, and the scalar product of (1.60) 
with i,,, we obtain 


^ * 
ly td, = Arktrm 


(1.61) 
ida = Oy hat 
Finally, using (1.17) and introducing the Kronecker delta 
0 if kAm, 
Sem = i, 7 i, - 
I if k=m, 
0 if k£m, 
Sim = i, i. = 
| if k—m, 
we can write these conditions in the form 
Typ Sem = Sams (1.62) 


Aktam = Sem 
Problem 2. Use vectors to derive the law of cosines. 
Solution. lf ABC is a triangle with sides AB -= c, AC = b, CB = a, then 
a-+-b=c. (1.63) 
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Squaring (1.63), we obtain 
a+ P + 2a-b = c?. 
But 
a> b = ab cos (B, b) = ab cos (nm — a) = —abcos« 
where « = Z ACB, and hence 
c? = a? + b* — 2ab cos a. 
Problem 3. Prove that 
cos (x — B) = cos «æ cos B + sin « sin D. 

Hint. Apply the formula 
a+b 
lal [bl 


to two unit vectors a and b lying in the xy-plane and making angles « and f 
with the x-axis. 


cos (a, b) = 


Problem 4. Express the scalar product of two vectors in terms of their 
covariant and contravariant components. 


Solution. By definition 
A s B = A'e, * B*e, m A,e' id B,e* - Ae * Bre, = Ale, A B,e*, 


and hence 
A-B = g,,A‘B* = g'* A.B, = A,B‘ = A'B, 


because of (1.47). Since 
|A| = A=VA-A=Vg,,A'At = v g'* 4,4, = V AA! 


and similarly for B, the angle between A and B is given by 


ee ta By ae NN, LN 
V ga, A A5 g BI B* Vg" AjA,N g*B,B, 
A,B' A'B, 


VAAN B.B! AA NBB 
Problem 5. Find the vector product of two vectors in an oblique co- 
ordinate system. 


Solution. By definition, 
C = A x B = A'e, x Bre, = (Ale, + A*e, + A%e,) x (Ble, + Bře, x B*e;) 
= AlB!(e, x ej) + A!B*(e, x e) + A'BY(e, x ey) + A?Bl(eo x e) +: 
+ 43BXe, x ej) = (4!B* — A* B'Y(e, x e). 
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But according to (1.36) and (1.54), 


e, x e, = Ve’, v= JG, 
and hence 
C=AxB=Ce’ 
where _ 
C, = VG(AiBY — A*B?). 


In the same wzy, it can be shown that 


pc: (A,B, — A,B,). 


VG 
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Problem 6. Use vectors to derive the basic formulas of spherical trigo- 


nometry. 


Solution. Let ABC be a triangle on the 
sphere of unit radius, and let OABC be the 


trihedral angle subtended by ABC (see Fig. o 

1.26). Let a, B, y be the angles of this tri- D 
angle, and let a, b, c be the lengths of its ) AT 
sides. Since the sphere has unit radius, a, ky 
b and c equal the plane angles BOC, AOC NI 

and AOB. 


To find the relations between the angles 
a, B. y of the spherical triangle and its 


sides a, b, c (the face angles of the trihedral Fic, 1.26. Illustrating the formulas 


angle OABC), we introduce unil vectors of spherical trigonometry. 
e, €,, e, drawn from the center of the 


sphere to the vertices of the spherical triangle, as shown in the figure. The 
angle a between the planes OAC and OAB equals the angle between the 


normals to the planes, and hence 


_ (6 x e): (ei x ej) 


COS x 3 
le, x e| le, x ejl 


Since 
le, x e| = sin b, le; x eI = sin c, 


it follows from (1.27) and (1.30) that 


ei le; x (ei x e] 


cosa — : 
sin b sin c 
€$* [ei(es + e) — exe + e))] 
sin b sin c 


cosa — cos c cos b 
sin b sinc 
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and hence 
cos a = cos b cos c + sin b sin c cos a. 


In just the same way, we find that 
cos b = cos c cos a + sin c sin a cos B, 
COS c = cos a cos b + sin asin b cos y. 


Another group of formulas is obtained by calculating the sines of the 
angles a, B and v, e.g., 
_ K(ei x €z) x (e, x el 
|e, x ejl |e, x esl 


sina 


As an exercise, the reader should prove that 


sina sin siny 


sina sinb sinc’ 
Problem 7. Use vector notation to write the equation of a straight line 
in three dimensions. 


Case I. Find the equation of a straight line going through two points A 
and B, as in Fig. 1.27(a). 





(a) (b) (c] 
Fic. 1.27. (a) A line passing through two given points; 


(b) A line specified by a point and a direction; 
(c) Mlustrating the normal equation of a plane. 


Solution. Let a and b be the radius vectors of A and B with respect to some 
origin. Then the condition for an arbitrary point M, with radius vector r, 
to lie on the line going through A and B is that the vectors r — a and b — a 
be parallel, i.e., that 

r — a = Xb — a). 
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Thus, if A is regarded as a parameter, the equation of the line takes the 
form 


r =a + X(b — a). (1.64) 


The parameter à can be eliminated by taking the vector product of (1.64) 
with b — a. This gives 

(r—a)x (b—a)=0 
or 

rx(b—a)—axb. 


Case 2. Find the equation of a straight line going through a given point 
A parallel to a given vector e, as in Fig. 1.27(b). 


Solution. Let a be the position vector of A. Since r — a and e must be 
parallel, we have 
T — à 4 ìe, (1.65) 


where A is a parameter. To eliminate A, we take the vector product of (1.65) 
with e, obtaining 
rxe=a xe, 


Case 3. Find the equation of a straight line going through a given point 
A perpendicular to two given vectors e, and ez. 


Answer. If a is the position vector of A, then 
T = à + Xe, X €), 
(r — a) x (e; x e) = 0. 
Problem 8. Write a condition for the points A, B and C to be collinear. 
Solution. Let a, b and c be the position vectors of A, B, C with respect 


to some origin O. From the preceding problem we find that 


where a,, b, c, are the coordinates of A, B, C with respect to a rectangular 
coordinate system with origin O. 
As an exercise, show that this condition can be written in the form 


(a x b) — (b x c) — (c x a) = 0. 
What is the geometric meaning of this condition ? 
Problem 9. Write the equation of a plane in vector form. 


Case 1. Find the equation of the plane going through three given points 
A, B and C, with position vectors a, b and c. 
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Solution. Since the vectors r — a, b — a'and c — a are coplanar, we have 
T — à = Xb — a) + u(c — a), (1.66) 


where A and y are parameters. To eliminate à and p, we first take the vector 
product of (1.66) with c — a and then the scalar product with b — a, 
obtaining 

[(r — a) x (c — a)]-(b — a) = O. 


This condition could have been written down at once by starting from the 
coplanarity condition (1.28). 


Case 2. Find the equation of the plane going through two points A and 
B, with position vectors a and b, parallel to a given vector e. 


Answer. (r — a) x (b—a)J-e = 0. 


Case 3. Find the equation of the plane going through the point 4, with 
position vector a, parallel to two vectors e; and ez. 


Answer. [(r — a) x e,)-e, = 0. 


Case 4. Find the equation of the plane with unit normal n whose distance 
from the origin O equals p, as in Fig. 1.27(c). 


Solution. fn points in the direction away from O, then 
r.n = r cos (r, n) = p. 
This is called the normal form of the equation of a plane. 
Problem 10. Prove that infinitesimal rotations are vectors. 


Solution. As in Fig. 1.3(a), p. 5, suppose the first rotation a, of the 
sphere carries the point A, into the point A,, and the second rotation a, 
carries A, into Ag. If the angle o, is small, we can write 
OA, = OA, + AA, = OA, -- (a, x OA,), (1.67) 
since TR D 

|a, x OA,| = a, |OA,| = A145 = |414] 


= "NE — qo: 
and moreover a, x OA, has the same direction as the vector A,A,. Similarly 


OA, = OA, + AzA; = OÁ, + (a, x OÀ,). (1.68) 
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Substituting (1.68) into (1.67), we obtain 
OA, = OA, + (a, x OÀ + a, x (OA, + (a, x OA,)) 
= OA, + (a, + a,) x OA, +a, x (a, x OA) (1.69) 
= OA, + (a, + a) x 04, + a, x (a, x OA). 
If (and only if) a, and a, are infinitesimal, we can drop the second-order terms 
in (1.69), obtaining 
— — — —- — 
OA, = OA, + (a, -+ a.) x OA, = OA, +. (a, + a) x OA), (1.70) 


On the other hand, if æ, is the (infinitesimal) rotation carrying A, into 4; 
directly, then 

— —x — 

OA, = OA, + a, x OA, (1.71) 


Comparing (1.70) and (1.71), we obtain 
t, = i — a, = @, + a, 


Thus infinitesimal rotations are vectors, since they obey the laws of vector 
algebra (the resultant of two rotations is the geometric sum of the separate 
rotations, and the sum is independent of the order of the terms). 


Problem 11. Find the velocity of an arbitrary point of a rigid body 
rotating about a fixed point O (see Fig. 1.28). 

Solution. Suppose that during the time interval Ar, the 
body undergoes an infinitesimal rotation Ap causing an 
arbitrary point M of the body to experience a displacement 
Ar. Then, according to Prob. 10, 


Ar = Ag xr, (1.72) 


where r is the radius vector of M. Dividing (1.72) by Ar 
and taking the limit as At — 0, we obtain 





Y= W XI, 
where T Ar Fic. 1.28. Veloc- 
y= lim — ity v and centrip- 
at+oAr etal acceleration 
is the velocity of the point M, and a Gf a TH Body 
Á rotating about a 
calm AQ fixed point O. 
atoo Af 


is the instantaneous angular velocity of the body about the point O. 


Problem 12 (The Eulerian angles). Let K and K' be two (right-handed) 
rectangular coordinate systems with the same origin O and orthonormal bases 
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ij, iz, ig and ij, i, ij, respectively. Then K can be carried into K’ by making 
three rotations in succession: 


1) Through an angle 4 (called the angie of precession) about the x;-axis; 

2) Through an angle 9 (called the angle of nutation) about the line ON, 
characterized by the unit vector n; 

3) Through an angle o (called the angle of pure rotation) about the 
X4-axis 


(see Fig. 1.29). The angles d, 9 and q are called the Eulerian angles. The 
fact that the position of K' with respect to K can be specified by just three 





Fic. 1.29. The Eulerian angles. 


independent parameters like V, 9, p is hardly surprising, since the nine cosines 
of the angles between the axes of K and K’ satisfy the six orthogonality 
conditions (1.62). 

We now pose the problem of expressing the basis ij, i, i, in terms of the 
basis i}, i,, i, and the Eulerian angles v, 9, 9. 


Solution. Yt will be recalled (rom Prob. 1 that 
ij = dyii + arais + araiz, 
i; = arih + agolo + «X245, 
ig = agih + 232i, + 2341s. 


Consider the spherical triangle formed on the unit sphere by the end points 
of the vectors i nandi,. Then, according to the formulas derived in Prob. 6, 


&,4 = COS (ij, ij) = cos p cos 9 + sin y sin ọ cos (r — 9) 


= cos } cos ọ — sin d sin g cos 8. 
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Similarly, an examination of the spherical triangles formed by the end points 
of ij, n, i, and ij, n, i; shows that 


ayz = COS (ij, i.) = cos E = v) COS ọ + sin G = +) sin q cos 0 
= sin i cos ọ + cos d sin ọ cos 4, 


&:3 = COS (ij, is) = cos ọ cos% + sin @ sin = cos G — 9 

= sin ọsin 9. 
It foilows that 
ij = i, (cos } cos o — sin 4 sin ọ cos 9) 

+ i, (sin d cos q -+ cos ọ sin q cos 9) + i sin q sin 9. 

In the same way, it turns out that 

i; = i, (—cos } sin 9 — sin cos q cos 0) 

+ i, (cos } cos pcos 0 — sin q sin q) + i, sin Ó cos o, 
ij = i, sin ġ sin 9 — i, cos v sin 0 + i, cos 9. 


The reader should also verify that the formulas expressing the basis 


i ig, i, in terms of the basis ij, i,, i, and the Eulerian angles are 
i, = lí(cos } cos ọ — sin qj sin 9 cos 9) 
t i;(—cos į} sin q — sin d cos 9 cos 9) + i; sin d sin 0, 


i, = i; (sin y cos p + cos sin o cos 0) 


+ (cos ù cos p cos 0 — sin y sin 9) — i, cos ẹ sin 9, 
i, = ij sin sin 0 + i; cos ọ sin 0 + i cos 0. 
Problem 13. Given a system of n electric charges ei, ez... , €n let F, 
be the radius vector of e, (k = 1,2, ..., n) with respect to some origin O. 
Then the vector 


n 
P= Der, 
k=1 


is called the dipole moment of the system of charges. Moreover, by analogy 
with the center of mass, the point C with radius vector 
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is called the center of charge of the system. The point C can be defined only if 


de. x 0. 
kml 
If, on the other hand, 


2e, =0, 
kl 


the system of charges is said to be neutral. 

Prove that the dipole moment of a neutral system is independent of the 
origin O, and express this moment in terms of the centers of the systems of 
positive and negative charges making up the original system. 


Solution. Let 
P= det 
kel 
be the dipole moment with respect to an origin O, while 
P= Det 
k=1 


— 
is the dipole moment with respect to another origin O’, where OO' = rọ. 
Then Fis the radius vector of e, with respect to O', equals r, + ro, and hence 


n n "n n 
p = eri =D elTe + ro) =D e + r Der 
kml k=l kel kel 
But 
n 
dye. = 0 
kal 
since the system is neutral, and hence 
n 
p = Fer, = P. 
kal 


Now let the system consist of positive charges ef and negative charges 
€,» So that 


^ 
26 =a + Le. 
and let 
24 = 2% = 2: 
Then, by definition, the centers of the systems of positive and negative 
charges have position vectors 
poit  Q San 


Xe ye 
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where r? and r, have the obvious meaning. Hence the dipole moment of the 
original neutral system equals 


n 
P = Deh = > eim + $ er 


= Rt Det +R Se = QR* — R). 


Problem 14 (Collision of particles). Suppose two particles of identical 
mass have velocities v,, v; before colliding and velocities v,, v; after colliding 
(see Fig. 1.30). Suppose the collision is governed by the action of central 


4 





Fic. 1.30. Collision of two particles. 


forces. Then, as is familiar from mechanics, the trajectories of the two 
particles lie in a fixed plane in a coordinate system in which the center of mass 
is at rest. Moreover, the collision conserves both momentum and kinetic 
energy (the potential energy before and after the collision equals zero). It 
follows that 

VQ > Và = Vi b- vs, 


(1.73) 


v? + oof = 0)? -1- vg. 
Express v, v, in terms of v,, v, and show that the relative velocities 
u = Vo T vi. 
(1.74) 
u = Y — vi 
before and after the collision have the same magnitude. 
Solutions. The system (1.73) consists of four scalar equations in the six 
components of the velocities v; and v,. Thus we can solve for v, and v, 


explicitly in terms of v, and v,, provided we introduce two extra parameters 
characterizing the geometry of the collision, i.e., the position of the plane of 
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the trajectories in some system of rectangular coordinates x), x», Xa. In other 
words, the collision of two particles is completely characterized by specifying 
two geometric parameters. We introduce these parameters in the guise of 
the unit vector k ([k| = 1) pointing in the direction of change of the velocity 
of the first particle, i.e., 

vi — Y; = Ak (1.75) 
(see Fig. 1.30). Any two independent angles between k and the axes of the 
X1, Xs, Xa System can then be regarded as the geometric parameters of the 
collision. 

It follows from the first of the equations (1.73) that 


vi — v, = —Ak. (1.76) 


To get an expression for A, we substitute v, and v, from (1.75) and (1.76) 
into the second equation of (1.73), obtaining 


o? + v? = (v, + Ak)* + (v, — Ak}? 
= v + 2A(v, - k) + A? + i$ — 2A(v, - k) + A? 
which implies 
ÁA-—k.:(v,—v)-—k-.u. 
Then (1.75) and (1.76) give the formulas 
vi =v, + k(k : u), 
v = VS — k(k- u), 


expressing the velocities v; and v, after the collision in terms of the velocities 
v; and v; before the collision and the vector k. 

Subtracting the second of the equations (1.74) from the first and using 
(1.77), we find that 


(1.77) 


u — u = Y — v; — (v, — vj) = —2k(k- u) 
or 


u = u — 2k(k <u). (1.78) 
Squaring (1.78), we obtain 


u’? = y? — Aku)? + 4&*(k- uy 
or 
u? = y? 


i.e., the relative velocity of the particles has the same magnitude before and 
after the collision. Taking the scalar product of (1.78) with k, we get 


u*k- —u-k, 


lt follows that the vector k bisects the angle between u and —u; as shown in 
the figure. 
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Problem 15. Pursuing the study of collisions between two particles, let 
the particles have different masses m, and m. Show that the relative velocity 
u = v — V İs still preserved under the collision. 


Solution. The momenta of the particles before and after collision are 
given by 


m —Ó , — , Li — 4 
Pi = Uv Po = mov p = mW Po = mv. 


in terms of their masses and the velocities before and after collision. The law 
of conservation of momentum is now 


Pi + P2 = Pi + Pos 
while the law of conservation of (kinetic) energy is 


pt + mp? = pi? + mpi? (r 2 =) (1.79) 


ms 
Introducing the unit vector k defined by 
Pi — p = Ak, py — p: = -—Ak, 


we determine A from (1.79), obtaining 








2 2m 
A=—k- = = 1 (k. 
Tum (mp, — p) E m u) 
It follows that 
: 2 2m 
P = Pp- k{k - (mp; — p,)) = p + * k(k - u), 
Ilm 1—m 


: 2 2m 
p. = Pe — ——— k({k- (mp, — p] = p» — ———— k(k - u). 
1 4- m ] —m 
Therefore 
mp; — p; = mp, — p, — 2k[k - (mp, — p] 
or 
u' = u — 2k(k - u), (1.80) 

where u' = v, — v,. Squaring (1.80), we obtain 


u’? = y?, 


Problem 16. Prove that if the force acting on a moving particle is always 
directed along the tangent to the trajectory, then the trajectory is a straight 
line. 


Solution. The force equals 
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If F is directed along the tangent, i.e., along 


dr 
v= —, 
dt 
then 
ma = av 
and hence 
dr dr 
—+6—=0, 1.81 
dr? P dt oe) 


where a and f are constants. Integrating (1.81), we obtain 


dr | or =b, (1.82) 
dt 


where b is a constant vector. The solution of (1.82) can be written in the form 
b 
r= ef(t) + 3 (1.83) 


where c is another constant vector and f satisfies the differential equation 


ft Bf) =0. 


It follows from (1.83) that the trajectory of the moving point is a straight 
line (recall Prob. 7). The character of the motion along the straight line is 
determined by the function f(t). 


Problem 17. Prove that if the trajectory r = r(r) of a moving particle 
is such that 
i 3 
z, (5 x T) ay (1.84) 
then r = r(r) is a plane curve. 
Solution. It follows from (1.84) that 
d* dr, adr 


= + ; 1.85 
d® de dt im 
where a. and § are constants. Integrating (1.85), we obtain 
dr dr 
ee b, 1.86 
aj ^a m ud 


where b is a constant vector. The solution of (1.86) can be written in the form 


po e b + (oh, + f,()hy, (1.87) 
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where b, and h, are constant vectors and f}, f; are two independent solutions 
of the differential equation 


f^ 0) = af (0) + BfQ). 


Clearly (1.87) is the equation of a plane curve (see Prob. 9). 


Problem 18. Show that the trajectory of a particle moving under the 
influence of gravitational attraction is a conic section. 


Solution. The equation of motion of the particle is of the form 
(1.88) 


where « is a constant, v = dr/dt and 
r 
ro — - 
" 


is the "unit radius vector." Taking the vector product of (1.88) with r, we 
get the first integral of the equation of motion [cf. Exercise 15(c)]: 


r x y= h = const. 


The vector h can be written as 


b=rxv=rx Eo mx n) o rmx (Tr tr) 
dí dt 


di dt 
But then 
d uh—- xoa. 
dt r di 
where we have used (1.30) and the fact that 
dr, ld ld ; 
— = - | = = = = 0 
° dt 3 ge Fo) 2di 
Therefore, since h = const, 
d dre 
—(vxh)-—-a—. 1.89 
Ji (v x hb) 2a di (1.89) 


Integrating (1.89), we obtain 
v x h — ar, +P, 


where P is a constant vector. Hence 


(v x b)-r = ar - r- P = ar + rPcos 6, 
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where @ is the angle between the variable vector r = r(t) and the constant 
vector P. Since 
(v x b)-r =h. (r x y)  h-h— k 


[see (1.27)), we have 


k? = ar + rP cos 0 
or 
k? 


a 
r = 


ME WE (1.90) 
1 + — cos 0 
a 


As is familiar from analytic geometry, (1.90) is the equation of a conic 
section (an ellipse, parabola or hyperbola) in polar coordinates. 


EXERCISES 


1. Prove that the projection of a sum of vectors onto any axis equals the sum 
of the projections of the vectors onto the same axis. 


2. Given the vectors 
A =l; + 2l; + 3h, B = 4i, + 5i, + 6is, 
Cc = 3h, + 2i, + is, D m 6l, + 5i, T diz, 


where ij, ig, lj are an orthonormal basis, find 
a) The sums and differences 


A+B+C+D, A+B-—C-D, 
A-B+C-D, -A+B-—C+D; 


b) The angles between A, B, C, D and the basis vectors; 
c) The magnitudes of the vectors A, B, C, D. 


3. Find the sum of three vectors of length a drawn 
a) From a common vertex of a cube along three of its sides; 
b) From a common vertex of a regular tetrahedron along three of its sides. 


4. Given a system of n particles of masses m, ms, . . . , Mn, let r be the radius 
vector of the kth particle (k = 1, 2, ..., n) wilh respect to some origin O. 
Then the center of mass of the system has radius vector 


> mer, 
a. 
xm, 


k=1 
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Find the center of mass of each of the following systems: 
a) Masses equal to 1, 2, 3 at the vertices of an equilateral triangle of side 
length a; 
b) Masses equal to 1, 2, 3, 4 at the vertices of a square of side length a; 
C) Masses equal to 1, 2, 3, 4 at the lower vertices of a cube of side length a, 
and masses equal to 5, 6, 7, 8 at the upper vertices. 


5. A parallelogram has acute angle 1/3 and side lengths a = 3, b = 5. Thinking 
of the corresponding sides as vectors a and b, find 

a) The vectors a + b and a — b (what is their geometric meaning?); 

b) The area of the parallelogram; 

c) The projection of each side onto the direction of the other. 


6. Let A, B, C and D be the same as in Exercise 2. Find 
a) (A + B): (C + D); 
b) The angles made by A with B, C and D; 
c) The projection of À onto the directions of B, C and D; 
d) The vector products A x B, B x C, C x D and the angles they make 
with D; 
e) The areas of the parallelograms spanned by the vectors A, B and by the 
vectors C, D, and also the lengths of the diagonals of these parallelograms. 


7. Show that the vectors A, B, C and D of Exercise 2 are coplanar. 
8. Let i,, i, iy be a right-handed orthonormal basis. Verify that the vectors 
A =h + 2h, + 3is, B —4i + 5i, C —3i, + 2l; + iy 


form a basis. Is this basis right-handed or left-handed? Find 
a) The volume of the parallelepiped spanned by A, B and C; 
b) The vectors forming two diagonals of the parallelepiped (drawn from the 
end points of A) and the lengths of these vectors; 
c) The area of the diagonal cross section of the parallelepiped going through 
the vector A, 


9. Suppose the midpoints of the sides of an arbitrary quadrilateral are joined 
(in order) by straight line segments. Show that the resulting figure is a 
parallelogram. 

Hint. \f the sides of the quadrilateral are represented by vectors a, b, c and 
d, thena +b+c+d=0. 


10. Given four points with radius vectors a, b, c and d, suppose 
[(d — a) x (c — a)] -(b — a) = 0. 
Prove that the points are coplanar. 
11. Let i,, i2, f, be an orthonormal basis. Is 
a, = 2i +d — 3i, 8; —i, — 4i, a3 —4i + 35 — |, 
a basis? How about 


b, = i m= 3i, + 2, b, = 2i ES 4i, — ig, b, = 3i T 2i, — ig? 
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12. Let b,, b,, b, be the same as in Exercise 11. Is 
B, = 2b, — 3b, + bs, 
B, = 3b, — 5b, + 2b,, 
B, — 4b, — 5b, + b, 
a basis? 
13. Prove formula (1.30), p. 22 without introducing a coordinate system. 


14, Prove that 


d (A .(B ath n C)-A s c) +a-(B is 
pn :( xO) =77-@B xc) e X | : d 


15. Prove that 
df, (d^ PAN] , (dA PA) 
2o Sap arp prar] 


aa dA 
b) [Ax oe dr = Ax +C (C = const); 


dr ar 
c) r AH = Cif = rf(r). 
16. Using the formula v — « x r (see Prob. 11, p. 45), find the linear velocity 


v of the center of a rectangle of side lengths a = 2 cm and 5 = 4 cm rotating 
about one of its vertices if the instantaneous angular velocity « equals 5 radians 


per second and points along 
a) The short side; b) The long side. 


17. The moment M, of a force F with respect to a point O is given by the 


expression 
My, =p Xx F, 


where r is the radius vector of the initial point of F with respect to O. The 


projection of M, onto an axis u going through O, i.e., the quantity 
Ma = Mo-U = (r x F)+ up 


where u, is a unit vector directed along u, is called the moment of F with respect 


to the axis u. Prove that M, is independent of the position of O on u. 


18. Find the moment of a force of 5 dynes directed along one side of a cube of 


side length 2 cm with respect to 
a) All vertices of the cube; 
b) All axes going through the given side. 


19. Given a system of n particles of masses m, Mz, . . . , Ma, let ry be the radius 
vector and v, the velocity of the Ath particle (k = 1, 2, ... , ^) with respect to 
some origin O. Then the vector 


n 
Lo: Ère x mv, 
KA 
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is called the angular momentum of the system with respect to O. Given a cube of 
side length a cm, find the angular momentum with respect to every vertex of 
the cube of two particles of masses m, — 1 g and m, = 2 g moving in opposite 
directions with speed 3 cm/sec along two opposite sides of the cube. 


20. Let P be the parallelogram spanned by the vectors a and b. Then P has 
diagonals a + b and a — b. Prove that 
a) The sum of the squares of the diagonals of P equals the sum of the squares 
of the sides of P; 
b) The diagonals of P are perpendicular if and only if P is a rhombus; 
c) The area of the parallelogram P' spanned by the diagonals of P is twice 
as large as the area of P. 


21. Suppose 7 springs with stiffnesses Cj, 
C,,...,C, are fastened at a points M,, 
M,,...,M,, and joined at a common point M 
(see Fig. [.31). Find the equilibrium position 
of M. 

Ans. If ty, is the radius vector of M and 
ry that of M,, then 


$ Cr, 
R i k-1l 








= ‘ 
P" Fic. 1.31. iE: Exercise 


22. Verify the following identities: 
ajax(bxc)+bx(c xa) te x(axb)-: 0; 


a-c a-d 


b) (a x b). (c x d) = 
b.c b.d 


” 








c) (a x b) x (c x d) = b[a- (c x d)] — a(b:(c x d)] 
-= c[a - (b x d)] — dia - (b x ©); 
d) (a x b)-(c x d) + (b x c)-(a xd) (cxa)-.(bxd) 0. 
23. Given the basis 
e = —4i + 2i, e = 3i ^ 3h, e= 2i, 


where i, is, i4 is an orthonormal basis, find the covariant and contravariant 
components of the vector joining the origin to the point (1, 1, 1). 


24. Express the scalar triple product (A x B) - C in terms of the covariant and 
contravariant components of the vectors A, B and C. 
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25. A scalar function /(A) of a vector argument A is said to be linear if 
JCA) = f(A), f(A + B) = f(A) + f(B), 


where A and B are arbitrary vectors and c is an arbitrary scalar. Prove that the 
most general function of this kind is of the form 


f(A) = aA, + BA, + YA, 
where A,, Ao, A; are the components of A and a, B, v are scalars. 
26. Given a tetrahedron f, let S; be the vector perpendicular to the ith face 


of T (i = 1,2, 3, 4), of magnitude equal to the area of the face. Prove that 
S, + S; + 8, + S, = 0. 


Hint. Represent the vectors S; as vector products. 


2 


THE TENSOR CONCEPT 


2.1. Preliminary Remarks 


It will be recalled from Sec. 1.1 that a scalar is a quantity whose specifi- 
cation (in any coordinate system) requires just one number. On the other 
hand, a vector (originally defined as a directed line segment) is a quantity 
whose specification requires three numbers, namely its components with 
respect to some basis (see Sec. 1.6). Scalars and vectors are both special cases 
of a more general object called a tensor of order n, whose specification in any 
given coordinate system requires 3" numbers, again called the components 
of the tensor.! In fact, scalars are tensors of order 0, with 3° = 1 components, 
and vectors are tensors of order 1, with 3! = 3 components. 

Of course, a tensor of order n is much more than just a set of 3^ numbers. 
The key property of a tensor, which will emerge in the course of this chapter, 
is the transformation law of its components, i.e., the way its components in 
one coordinate system are related to its components in another coordinate 
system. The precise form of this transformation law is a consequence of the 
physical or geometric meaning of the tensor. 

Suppose we have a law involving components a, 5, c,... of various 
physical quantities with respect to some three-dimensional coordinate systern 
K. Then it is an empirical fact that the law has the same form when written 
in terms of the components a’, b’, c', .. . of the same quantities with respect 
to another coordinate system K’ which is shifted relative to K ("space is 
homogeneous”) or rotated with respect to K (“space is isotropic"). In other 
words, properly formulated physical laws are “invariant under shifts and 
rotations” (see Sec. 2.7). 


l In writing 3^ we have in mind three-dimensional tensors. More generally, an m- 
dimensional tensor of order n has m^ components (see Exercise 17, p. 133). 
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Remark. Properly formulated physical laws must also be independent of 
the choice of units. In dimensional analysis, for example, one often uses the 
fact that the ratio of two values of the same physical quantity cannot depend 
on the units of measurement. 


2.2. Zeroth-Order Tensors (Scalars) 


We begin by sharpening the definition of a scalar given in Sec. I.1: By 
a scalar is meant a quantity uniquely specified in any coordinate system by a 
single real number (the ‘‘component” or "value" of the scalar) which is 
invariant under changes a; the coordinate system, 
ie., which does not change when tne coordi- 
nate system is changed. Thus if o is the 
value of a scalar in one coordinate system and 
9' its value in another coordinate system, then 


Q =o. 


Example. Let A and B be two points with 
coordinates x4, x/ in one rectangular coordi- 
ži nate system K and coordinates x/4, xi? in 

another rectangular coordinate system K’ (see 
Fic. 2.1. Hlustratingtheinvar- Fig. 2.1), and let As be the distance beween A 
iance of the distance between and B, i.e., the length of the line segment A4B.? 

TWO- points. ang d. Then As is a scalar, i.e, its value As' in the 

system K' equals its value As in the system K. 

This geometrically obvious fact can also be verified by direct calculation. 

Let 





f^ 


Ax; = x” — x, Ax; = xi — x (i = I, 2: 3), 


and let the transformation from K to K' be given by 
X; = Xp a Xo, 


as in Prob. 1, p. 38, where x;, are the coordinates of the old origin in the new 
system and «x, == cos (x,, Xg) is the cosine of the angle between the ith axis 
of the new system and the Ath axis of the old system. Then 


f mí sÅ __ 2 A 
Ax, — XU — X,7 = tate F Xo; — iX, Xo, 


B zb ee 
== Keg (xp — Xy) HF xy AX, 


a Here and henceforth we assume that the units of measurement are the same in all 
coordinate systems under consideration. 
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By the Pythagorean theorem, 
3 


(As) = 2 (Ax))*, 


and hence 


3 
(As)? = X a, Ax,n, Ax, = a4, Ax, Ax. 


i=l 
Therefore, because of the orthogonality condition 


Guy, = 3, 


[recall (1.62)], 
a 
(As? = $,, Ax, Ax, => Y (Ax. 
kml 


But the quantity on the right is just (As)*, and hence 


As’ = As, 
as asserted. 


Remark. For the time being, we confine ourselves to the case of rect- 
angular coordinate systems. More general coordinate systems will be con- 
sidered in Secs. 2.8 and 2.9. Tensors written in rectangular coordinate systems 
are often called Cartesian tensors. 


2.3. First-Order Tensors (Vectors) 


As already noted in Sec. 2.1, three numbers (scalars) are required to 
specify a vector (like displacement, acceleration, force, etc.) rather than a 
single number as in the case of a scalar (like density, pressure, temperature, 
etc.). However, a vector is much more than just a set of 3! = 3 scalars. For 
example, the state of an ideal gas is uniquely specified by two numbers (the 
density and temperature, say), but these numbers are invariant under changes 
of coordinate system, being scalars. On the other hand, a displacement in 
the plane is also determined by two numbers (the differences between the 
abscissas and ordinates of the initial and final points), but under changes 
of coordinates these numbers transform according to a definite law. More 
generally, the three components of a vector in space transform according to 
a definite law guaranteeing that the new components always determine the 
same vector. 

To find this law, let Ax, and Ax, be the differences between the rectangular 
coordinates of two points A and B in two rectangular coordinate systems K 
and K'. Then, it will be recalled from Sec. 2.2 that 


Ax) = aj, Ax,, (2.1) 


where a, is the cosine of the angle between the ith axis of K’ and the kth 
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axis of K. Similarly, suppose a vector A has components 4, in K and com- 
ponents A’ in K' (see Fig. 2.2). Then, being a directed line segment, A is 
completely determined by its initial and final points, and hence its com- 
ponents A,, A; must transform just like the coordinate differences Ax;, Ax. 
This leads to the following definition: By a vector is meant a quantity uniquely 





Fic. 2.2. Illustrating the change of components of a vector under changes 
of the coordinate system, 


specified in any coordinate system by three real numbers (the components 
of the vector) which transform under changes of the coordinate system 
according to the law 

Aj = aA, (2.2) 


where A,, A; are the components of the vector in the old and new coordinate 
systems K and K', respectively, and a; is the cosine of the angle between the 
ith axis of K' and the kth axis of K. 


Remark 1. Given the components of a vector in one (rectangular) 
coordinate system, we can use (2.2) to determine its components in any other 
coordinate system. In particular, a vector vanishing in one coordinate system 
vanishes in any other coordinate system.? 


Remark 2. The definition (2.2) of a vector is equivalent to the definition 
of a vector as a directed line segment. However, (2.2) has the advantage of 
being easily generalized to the case of tensors of arbitrary order. 


2.3.1. Examples. Suppose the coordinates x; of a point P in a system K 
are functions of time: 
x, = x(t). 


* Note that a vector vanishes if and only if all its components vanish. 
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Then the displacement of P in time Ar is given by 
x(t + Ar) — x(t). (2.3) 


The quantities (2.3) determine a vector (the displacement vector), since they 
become 

xt’ + At’) — xr) 
in a new coordinate system K'. But using (2.1) and the fact that f° = t, 
Ar’ = At (time is a scalar), we find that 


x(t" + Ar) — xi) = ax, (t + AQ — xlt), 
i.e., the quantities (2.3) transform like a vector. Similarly, the ratios 


x(t + At) — xt) 
At 
determine a vector (the average velocity of P during the interval from t to 
t + At). Moreover, the limits 
v = lim x(t + åt) = x(t) n 
Ato At 


provided they exist, also determine a vector (the instantaneous velocity of P 
at time 7). In fact, 


' 2 lim AD — xit) 


vi = " 
At'0 At 
.— x(t + At) — x,(t 
Zhe Shine ee eA SUE 
At>0 At 


(the quantities «,, are independent of r), which is again the transformation 
law of a vector. 
In just the same way, it is easily verified that the limits 


ig CE AD — HH 
At70 At 


a; = 


determine a vector (the instantaneous acceleration of P at time t). Therefore, 
since Newton's second law 
F; = ma, 


holds in all coordinate systems, the force F, must also be a vector. 


2.4. Second-Order Tensors 


Second-order tensors are next in order of complexity after scalars and 
vectors. By a second-order tensor is meant a quantity uniquely specified by 
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nine real numbers (the components of the tensor) which transform under 
changes of the coordinate system according to the law 


Ai, — Chg Ope m Arr (2.4) 


where Aim, A; are the components of the tensor in the old and new coordinate 
systems K and K', respectively, and «,., is the cosine of the angle between the 
ith axis of K' and the ith axis of K (similarly for a,.,,). Note the sense ir. 
which (2.4) generalizes (2.2). 


Remark 1. Given the components of a second-order tensor in one 
(rectangular) coordinate systern, we can use (2.4) to determine its components 
in any other coordinate system. [n particular, if all the components of a 
tensor vanish in one coordinate system, they also vanish in any other coordi- 
nate system. 


Remark 2. The components of a second-order tensor are often written as 


a matrix: 
Ay Ay An 


lA = | ei Aze Ian 
An As As 


2.4.1. Examples. We now give some examples illustrating the meaning 
of the transformation law (2.4). 


Example I. Given two vectors A and B, there are nine products of a 
component of A with a component of B: 


AB, (ik =1,2,3), 


Suppose we transform to a new coordinate system K’, in which A and B have 
components A; and B,. Then, by (2.2), 


A, = a, Àj. B, = onus, 
and hence 
A;B% = Arak mA B m- (2.5) 


Comparing (2.5) and (2.4), we find that 4,8, is a second-order tensor. 


Example 2. The equation of a quadric surface (e.g., an ellipsoid) centered 


at the origin is of the form 
A, xXx, = | (2.6) 


in the old system K and of the form 


Axx = 1 (2.7) 
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in a new system K' with the same origin as K. To find the relatibn between 
the old coefficients A,, and the new coefficients A;,, we note that 


X, = aj4Xn Xp = Ry mXm 
and 

y= Oy Xe, Xm = Ly’ mX kes (2.8) 
as in formula (1.59), p. 39. Substituting (2.8) into (2.6), with i, k replaced by 


Il, m, we obtain 
ÁinXiXm =F A nva XU m Xi = l. (2.9) 


Then comparing (2.9) and (2.7), we get 


, 
Ay. = x, X, mA 


tm 


which is identical with (2.4). It follows that A,, is a second-order tensor. 


Example 3. A vector function B = f(A) of a vector argument A is said 
to be linear if each component B, is linear. It follows from Exercise 25, p. 58 
that the most general function of this kind is of the form 


B, == ay Á, + dias + aAa 
B, — GA, + nAg + d335, 


By == anA,- daas + ds, 
or more concisely 
B, => da^. (2.10) 


The coefficients a, transform like a second-order tensor. In fact, in a new 
coordinate system, (2.10) is replaced by 


B; = dA. (2.11) 
Multiplying (2.10) by «,., and summing over i, we get 
a), B, = Akty Ag, (2.12) 


where, by (2.2), the quantity on the left is the /th component of the vector 
B in the system K'. Thus (2.12) becomes 
B, = Gy, A,. 
But 
A, = iy A m 
(why ?), and hence 
B; E Hak A m 
or equivalently 
B; = Xv (Xn mA p> (2.13) 
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Since the vector B is arbitrary, a comparison of (2.13) and (2.10) shows 
du = Kile mitm 


i.e., the coefficients a,, have the same transformation law as (2.4) and hence 
define a second-order tensor. 


2.4.2. The stress tensor. The state of stress of an elastic medium is 
specified once we know the force acting on an arbitrary element of area do 


p, = pir, ni) P» = pir, na) 





^ 


Fic. 2.3. The stress acting on an element of area in an elastic medium 
depends on both the position and the orientation of the element. 


passing through: an arbitrary point M of the medium. Let r be the radius 
vector of M and n the unit normal to do. Then the force acting on do equals 
p do, where the stress p is a function p(r, n) of the fwo vectors r and n (see 
Fig. 2.3). As we now show, the function p(r, n) can be deduced from a certain 
second-order tensor called the stress tensor, which depends on r but not on n. 

To this end, we construct an ele- 
mentary tetrahedron about the point 
M with its edges directed along the 
axes of a rectangular coordinate system 
K (see Fig. 2.4) Let de,, do do, 
denote the areas of the faces perpen- 
dicular to the axes x,, Xa, x4, and let 
do, denote the area of the inclined face 
with unit exterior normal n. Moreover, 
let Pi do,, p_. do;, p 4 do, and p, do, 
be the forces exerted by the rest of the 
medium on the areas do, do, da, 





Fic, 2.4. Stresses on the faces of a tetra- f . 
hedron. and do,, respectively. Here the minus 
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signs mean that the stresses p. ,, p » and p. , act on the outside faces of the 
tetrahedron, whose exterior normals point in the directions opposite to those 
of the coordinate axes. By the law of action and reaction, the forces p, doy, 
P2 dos, Pa dog acting on the inside faces of the tetrahedron are equal and 
opposite to those acting on the outside faces, and hence 


Pi = —P-1 P2 = —P-2 Pa = —P-3- 


Now let a be the acceleration of the center of mass of the tetrahedron, and 
let f be the body force per unit mass. Then, by Newton's second law, 


a dm = f dm + Pan ds,, + p-a do, + p_2 do, + p_3 do, 
= f dm + p, do, — pi do, — ps dos — py doy, 


where dm is the mass of the tetrahedron.* In the limit as the tetrahedron 
shrinks to the point M, we find that 


3 
p, do, = p, do, + pe do, + pa do, = Ap do,, 


since the terms containing dm are proportional to the volume of the tetra- 
hedron and hence are of a higher order of smallness compared to the terms 
containing elements of area. Therefore, 
since 

do, = do, cos (n, x,) = n, do,, 


the stress on an element of area with 
unit normal n is given by 


3 
Pa = > Pir; = Bi;. 


i=l 
Projecting p, onto the axes of the system 
K, we obtain 
Pak = Pato (2.14) 


where p,, (i, k = 1, 2, 3) is a set of nine 
normal (i = k) and tangential (i 4 k) 
stresses acting on three orthogonal ele- 
ments of area at the point M (see Fig. 
2.5). Although themselves independent Fic. 2.5. The stress tensor as a set of 
of the orientation n of the area on which three stress vectors Py, Pa, p, acting on 


ihe ires acte these: nine-quantities three orthogonal elements of area. The 
Boe P q >? projections of these vectors onto the co- 


which depend only on the point M, ordinate axes give the nine components 
allow us to determine p, for arbitrary of the stress tensor. 





* No summation over n is implied in the expression p, dan. 
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n. Thus the physical quantity with components p,,, called the stress tensor, 
uniquely specifies the state of stress at every point of the elastic medium. 

It only remains to verify the tensor character of p,,. Since the definition 
of p,, involves no restriction on the normal n, we can assume without loss of 
generality that the ith axis of the new coordinate system X’ is directed along 
n, So that 

n = i; 
(K and K' have orthonormal bases ij, is, i and ij, i,, i,, respectively). Then 
projecting n onto the /th axis of K gives 


n= Mei, = ij i = uu 
where x,., is the cosine of the angle between the ith axis of K' and the /th 
axis of K, and hence 
p, = Be Dont xpi XidnPis- 
Finally, projecting p, onto the kth axis of K', we obtain 
p, ti = apis i) Pim 
or 
Pie = Kride mPim: (2.15) 
Comparing (2.15), and (2.4), we find that p,, transforms like a second-order 
tensor, as anticipated. 


2.4.3. The moment of inertia tensor. The angular momentum L of a 
system of n particles with respect to the origin of a coordinate system K is 
given by 


L =>} mr; x vj, (2.16) 

jd 
where the jth particle has mass m,, radius vector r, and velocity vj. Suppose 
that both the distances between particles and the distances between the 


particles and the origin O are fixed, so that the system is a rigid body with the 
origin as a fixed point. Then, according to Prob. 11, p. 45, 


v; —UOXxE, 


where w is the instantaneous angular velocity of the system. Substituting 
this expression for v; into (2.16), we obtain 


L= nr x (w x r;)] = y m[w(r, Fr) — rw - rj)], 


where we have used formula (1.30). Projecting L onto the axes of K, 
we obtain 


n 
L, = Ym ox x? — xP)o,xj") (summation over k and 1), 
j=l 
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where the jth particle has coordinates x’). Writing w, = 9,0, (9, is the 
Kronecker delta defined on p. 39), we have 


n 
(909) GG) 
L, = ey Y m(Suxi xi^ — xix) = ou, 
jal 
where 


I T Dm (By xP x re — xp! xil). (2.17) 
jul 


Suppose the system has moments of xar I, I, , £,, about the coordinate 


Z2' Zy 


axes and products of inertia T. I Then these moments are related 


ZZ?’ y L T4 


to the nine quantities 7, (i, k = 1, 2, 3) as follows: 
=E mAP + OPS] = n. 


n 
Loy = Xin (i! Y. + G3] = 12, 


jel 


Ia -X" [OY + G1 = Ly 


ER EM Uv D "E 
he = In = -mx m mL 
j=l 
= en Gly tn EA 
Lia = I4 = -Xm, „Xi = —Lu 
ju 
Ear — 0v Gi) __ 
I = I3; — -$m, Xo z ER 


The quantities /,, form a second-order tensor, called the moment of 
inertia tensor (about the origin O). To see this, we note that (2.17) becomes 


m 
LEE r Cael jets) (0) ef) 
D = Y m,(Buxi^ xi^ — x77 xe”) 
j=l 


in another rectangular coordinate system K' with the same origin. But 


xoa = M xp 


(invariance of the scalar product), while 
xi Ut? = Xy ies ttt 

Moreover 

XXe = Bis 

Hyp Hyp = 9; 
in terms of the Kronecker deita [recall (1.62)], and hence 
. 9 = Ov, (2.18) 
since 

hep = 24:50, 


70 THE TENSOR CONCEPT CHAP. 2 


Therefore 
7 
eee (arta Gin 
liy = Y mj, Xj, — Mene, X, ) 
jel 
< ( ( ( 
E aC) AO 
n Grp, >, I 5(8, 6X; Xp Xe X, ) 
jel 


= opes ro 


which is the same transformation law as (2.4). 

It follows from (2.18) that the Kronecker delta 3,, is also a second-order 
tensor. The tensor 3,, is often called the unit tensor, since its matrix is of the 
form 


100 
0 1 0 
00 1 


in every rectangular coordinate system. 


2.4.4. The deformation tensor. Given any two neighboring points A and 
B of an elastic body, suppose a deformation carries A and B into new posi- 
tions A’ and B’. Let A and B have radius vectors r and r + Ar, while A’ and 





a 


Fic. 2.6. Deformation of an elastic body. 


B' have radius vectors r + u(r) and r — Ar + u(r — Ar), as shown in Fig. 
2.6, where the vectors u(r) and u(r + Ar) describe the displacement of the 
points A and B as a result of the deformation. 

As shown in the figure, the relative position of the points is given by Ar 
before the deformation and by 


Ar’ = A'B' = Ar + u(r + Ar) — ufr) 
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after the deformation. The change in magnitude of Ar by can be found 
calculating the quantity (Ar’)? — (Ar)?. Suppose u is a sufficiently smooth 
function of position, with components u, = u(xi, X2, Xa). Then 


Ax, = Ax, + u(x, + Ax,, Xa + Ax, x3 + Ax) — ux, Xo, X4), 
Or 


Ax, = Ax, + x Ax, (2.19) 


Xp 


after using Taylor’s theorem and neglecting terms of the second order of 
smallness. Noting that 


Ax’ Axi —(ArY, — Ax, Ax, = (Ar)’, 


we square (2.19), obtaining 


(år)? — (Ar)? = 2 LE (Ax, + Qü; a Ax, Ax, 


Ox, Ox, 


Qu; , Ou, , Qu, Ou, 
= jf{—+—4+— | Ax,A 
lo: T Ox, Ox, x TAR 


= Quip Ax, Ax,, 
where 


S (o e Qu, | Qu, d l (2.20) 


Thus the change in the distance between any two points of the elastic 
body is uniquely determined by the quantity u,,, called the deformation 
fensor. 

To verify the tensor character of u,,, we transform to a new coordinate 
coordinate system K’, obtaining 








; Qu; 4, oe Qu, , Oui ssi) 
d dx; Ax dxi) 
It follows from the formula 
x= Oe Xy ES Xoi 
describing the transformation from K' back to the old coordinate system K 


(x, are the coordinates of the new origin in the old system) that 


— = Xr. (2.21) 
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Repeatedly using (2.2), (2.21) and the chain rule for partial differentiation, 
we find that 
9 " 
í 


if o Ox, ax 
t = =| — i t IN E P miai. 
Ui lee: (x, nU m) 0x, ax, (ax nun) ax 











Qu, , OU, 5 Qu, ou) 


X, Ox, "Ox, OX, 





1 (dum | Ou, | Bu, du, 
(5 OX m roared | 


Uir — Gn mn: 


It follows that u, is a second-order tensor (recall (2.4)]. In the linear theory 
of elasticity, the term (@u,/0x,)(@u,/Ox,) is dropped in (2.20), leaving just 


ML NET. 
rm a) ` 


Hix 


2.4.5. The rate of deformation tensor. Suppose the velocity at the point 
M of a moving fluid (liquid or gas) is v + v(M). Then it can be shown that 
the motion of any element of the fluid is the sum of a **quasi-rigid" motion in 
which the element acts like part of a rigid body and a deformational motion.? 
The latter is determined by the rate of deformation tensor 


1/dv, | Ov, 
= -| — + =~], 2.22 
sik 254] oo 


in the sense that the part of the velocity of the element of the fluid at M relative 
to the point O which is due entirely to the element's ability to undergo defor- 
mation is equal to 
o?" (M) == v, (0) Ax,, (2.23) 
where 
Ar => (Ax)? d (Ax)? | (Ax, 





* See eg. R. Aris. Vectors, Tensors and the Basic Equations of Fluid Mechanics, 
Prentice-Hall, Inc., Englewood Cliffs, N.J. (1962), p. B9. 
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is the distance between the points M and O, v**(M) is the deformational 
velocity of the element at the point M, and v,,(O) is the value of the tensor 
(2.22) at the point O. The tensor character of v,, is verified in just the sa:ne 
way as that of the deformation tensor u,, in Sec. 2.4.4. 

We now investigate the physical meaning of the components of the tensor 
(2.22). Consider two points of a fluid 
element which have positions A, B before n 
the deformation and positions 4’, B’ after P dn 
the deformation (see Fig. 2.7) More- 
over, let 


M Ad 
OA = Ar, OA =- Ar, 


— — 


OB — AR, OB' = AR’. 





Then the deformation of the given fluid 
element is characterized by the change 
in length of the vectors Ar, AR and the 
change in angle between them. 

Due to the deformation of the fluid, the displacements of the points A 
and B in time Ar are given by 


AA’ — vA) Ar, 


Fic. 2.7. Deformation of a fluid ele- 
ment. 


BR’ :- vB) Ar. 
Hence, consulting the figure, we find that 
Ar’ = Ar AA’ = Ari vA) M, 
AR’ = AR -- BB!» AR - vB) Ar. 


Taking components and using (2.23) to express the deformation velocities 
in terms of the rate of deformation tensor, we get 


Ax, zs Xs, rn Ax, At, 
AX, = MX, © uy AX, A, 
where Ax, Ax’, AX, AX, ace the ?th cerponcnts of the vectors Ar, Ar’, 
AR, AR’, respectively, and th: derivat ves in c, [recall (2.22)] are evaluated 
at the point O. Then, using "he symmet: c uy (nu + 6) and neglecting 
terms of order higher than on: in. V. we Si the sea's- product 
Ar'- AR’ = Ax; AX, = Ax, AX, | 2o Ax, AX, At (2.24) 
Now let n and N be the unit vectors corresponding to Ar and AR, so that 


Ar 4r NL OR _AR 
|Ar| Ar IAR] AR 
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By definition, the relative elongation of the Auid element during the time At 


in the direction n is 
Ar — år Ar’ 
E, = ————— = — — 1. 
Ar Ar 


Hence the rate of relative elongation in the same direction is 
. . € . Ar — Àr 
E, = lim — = lim ———— . 
At20ÀM . ato Ar ÁM 


Let p be the angle between the vectors Ar and AR, and let 9’ be the angle 
between the vectors Ar’ and AR’. Then the quantity e, characterizes the rate 
of elongation ("linear deformation") of the fluid element, while the quantity, 





. . 9 —9 
Sree Al 
characterizes its rate of "angular deformation." Dividing (2.24) by Ar AR, 
we find that 
(1 + e(l + ey) cos 9' = cos + 2v,n; N, At, (2.25) 
since 
Ax; AX, _ Ar’ AR‘ cos 9° 


= 
3 


Ar AR Ar AR 
n, = a ; N, = zh , 
Dropping the term of order two in e, and £y, we can write (2.25) as 
(1 + €, + £4) cos 9' = cos 9 + wn, N, At. (2.26) 
To interpret (2.26), we examine two special cases: 


1) Suppose the points 4 and B coincide and lie on the x,-axis before the 
deformation. Then 
ọ =0, 9' as 0, 


Ar = AR = âx, 
n—N-iü, (mn = N, = 1, Ng = Ny = N, = N, = 0), 
so that (2.26) becomes 


l +e, + 2 = 1 + 2504, Ad, 
which implies 
Qv, 
Ox, 


Ej — £4 = 
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2) 


Similarly, choosing the points A and B before the deformation on the 
X,-axis, and then on the x,-axis, we obtain 


Qv, 
£g = Deg — — > 
Ox, 
Ov, 
Ey = Ugg = L— 
Ox, 


Thus the diagonal components Vii, v»,, Vas of the rate of deformation 
tensor are the rates of relative elongation of a fluid element along the 
three coordinate axes. 


Suppose that before the deformation, the point A lies on the x,-axis, 
while the point B lies on the x,-axis. Then 


$——, n=i, N=i,, Ar | AR, 


so that (2.26) becomes 


(1 + € + £) cos g = 2o, At. (2.27) 


Let vy, be the decrease in angle (in time Ar) between two line segments 
“embedded” in the fluid, directed along the x, and x,-axes before the 
deformation. Then if i = 1, j = 2, 


Yi: = : — Q' zv sin ( m s) = cos g’. (2.28) 


Substituting (2.28) into (2.27) and dropping small terms of the second 
order, we obtain 





Yi = 203 At. 
It follows that 
FE EET 
ua at~o At i: Ox, Ox, 
and similarly 
= — + — = Win 
Yi àx Om 13 
Ov, , Qv, 
Ya = — + = Wy. 
dn OX, OX, " 


Thus the nondiagonal components Viz = Ve, Vig = Vai Usa = Vag Of the 
rate of deformation tensor equal half the rates of angular deformation of a 
fluid element, i.e., half the rates of change of the angles between line 
segments directed along appropriate axes before the deformation. 
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2.5. Higher-Order Tensors 


In Secs. 2.2-2.4 we found that tensors of orders 0, |, 2 have the trans- 
formation laws 


P= 9, Å= tAn Aly = %y%emA rm (2.29) 


respectively. The first formula does not involve the coefficients 2,., at all, 
the right-hand side of the second formula is a homogeneous linear form in 
the z; while the right-hand side of the third formula is a homogeneous 
quadratic form in the x,.,.* The natural generalization of (2.29) is the follow- 
ing: By a tensor of order n is meant a quantity uniquely specified by 3" real 
numbers (the components of the tensor) which transform under changes of 
the coordinate system according to the law 

A! 


us. . EP 


nEJUL LETT (2.30) 


where Apika.. xn 4, ,, are the components of the tensor in the old and 
new coordinate systems K and K’, respectively, and a, ., is the cosine of the 
angle between the jst axis of K’ and the kst axis of K (similarly for x... ,.. -> 
&, 4,). The right-hand side of (2.30) is a homogeneous form of degree n in 
the quantities x, X, 4... Sanity" 

Remark. Given the components of a tensor of order n in one (rectangular) 
coordinate system, we can use (2.30) to determine its components in any 
other coordinate system. In particular, if ali the components of a tensor vanish 


in one coordinate system, they also vanish in any other coordinate system. 
Example 1. \f A, B and C are three vectors, the 3 = 27 quantities 
D,4 -= A,B,C, 


form a tensor of order 3 (why?). 





* Given a variables xi, x4, . .. , Xn, the expression 


n 
CX, = * CX, 
1—1 


is called a homogeneous linear form (in the x,), the expression 


Hn n 
Cutty = D D Carte 
Cimi Rod 


is called a homogeneous quadratic form, the expression 


n n n 


Cet XX + > > > CuaX XEXy 


ache od? 0d 


is called a homogeneous form of degree 3, and so on. 
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Example 2. Suppose one second-order tensor A, is a linear function of 
another second-order tensor B,,,’ so that 


Ai, = AintmBim 


where A,,,,, is a set of 3* = 81 coefficients. Just as in Example 3, p. 65, it 
can be shown that A,,,,, is a tensor of order 4, i.e., 


, 
itm = Xen hg yrs m's)n mrs 


(the details are left as an exercise). 


2.6. Transformation of Tensors under Rotations about a 
Coordinate Axis 


One is often interested in coordinate transformations of a special kind, 
i.€., rotations about one of the coordinate axes which for simplicity we take 
to be the z-axis (here we write x, y, z instead of x,, x,, X4). Let o be the angle 
between the new x'-axis and the old x-axis (see Fig. 2.8). Then the general 
formula 

Xp = Uy4X, + Xo 


{recall (1.59)] reduces to x’ 


x — x cos o + ysin o, P? 
r 


y = —xsino — ycoso, (2.31) Fic. 2.8. Rotation about a 


Z= coordinate axis. 


Therefore the complex number x — iy determining the radius vector of the 
point (x, y) in the xy-plane transforms according to the formula 


x + iy’ = (x + iye”. (2.32) 
In fact, writing out (2.32) in full, we have 
x’ — ip’ = (x + iyKcos o — isin 9) 
= (x cos o -+ ysin 2) = (—xsin o -+ y cos 9), 


and then taking real and imaginary parts, we get the first two of the formulas 
(2.31). On the other hand, the complex conjugate x — iy transforms as 
follows: 


t 


x iy = (x -- ip)je”. 





? [n the sense of Exercise 25, p. 58 and Example 3, p. 65. 
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Similarly, given a vector A with components 4,, A,, A,, the quantities 
A, + iA,, A, — iA,, A, transform under the rotation (2.31) according to the 
formulas 


Al + iA; = (A, + IADE”, 
A; — iA; = (A, — iA", (2.33) 


A, = À, 
Introducing the notation 
A,, = A, + iA,, 


A = A, acad iA,, 
Ao = A,, 
we can write (2.33) as 
A, = A,€'"* (no summation over a), (2.34) 


where « takes the values —1, 0, +1. 
The formulas (2.34) can be derived in another way by introducing the 
modulus and argument of the complex number A,,: 
A,, = Ae, | A 4,— Ae“, 


Then rotating the axes through the angle 9 in the counterclockwise direction 
gives a new value of the argument equal to 


Y-^vY-e 
Therefore 
Ai; = Ae" = Aee"? = Aye, 
A', = Ae "Y = Ae te’? = Ae", 
in keeping with (2.34). 
Given two vectors A and B with components A,, A,, A, and B,, B,, B, 
respectively, we have 
A = Ae,  B;— B," (no summation over a). 
Moreover, 
A.B, = A,Bge "^*? ^ (no summation over a and p), (2.35) 


where a and f) separately take the values — 1, 0, +1. The relation between the 


"If A, = O, the vector A lies entirely in the xy-plane and its components transform 
according to the first two of the equations (2.33). 
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quantities 4,B, and the components of the vectors A and B is given by 
A,B, = A,B,, 
A,B = (A, + i4,)(B, + iB,) = A,B, — A,B, + (A,B, + A,B), 
AB = (A, — iA,)(B, — iB,) = A,B, — A,B, — (A,B, + ALB,), 
AB, = A,(B, + iB,) = A,B, + iA,B,, 
A,B. = A,(B, — iB,) = A,B, -- iA,B,, (2.36) 
ABe = (A, + 1A,)B, = A,B, + iA,B,, 
A_,By = (A, — iA,)B, = A,B, — iA,B,, 
A,,B_, = (A, + iA,)(B, — iB,) = A,B, + A,B, — i(A,B, — A,B,), 
A_,B,, = (A, — iA,Y(B, + iB,) = A,B, + ALB, + i(A,B, — A,B). 


Formula (2.35) tells how certain combinations of the components of A 
and B transform under rotations about the z-axis. For example, setting 
a= +1, B = —1, we obtain 


A’, By = A,B, 
or 
A;B; + A,B, — i(A;B, — A,B;) = A,B, + A,B, — (A,B, — A,B,). 

Taking real and imaginary parts then gives 

AB, + A,B, = A,B, + A,B,, 

A,B, — A,B, = A,B, — A,B,. 
The first formula together with 

A;B; = A,B,, 


obtained from (2.35) by setting a = B = 0, expresses the fact that the scalar 
product A - B is invariant (i.e., does not change) under rotations of the given 
type (or, for that matter, under any coordinate transformation). The second 
formula expresses the invariance of the z-component of the vector product 
A x B. This could have been predicted from the fact that the z-axis is fixed 
under a rotation about the z-axis. The same conclusions are obtained if we 
consider the case a = — 1, & = +1 instead. 

Next we turn our attention to the behavior under rotations about the 
z-axis of a symmetric second-order tensor with components? 


Peo Pyp / Pie Pry © Pon o Pee Pino Puz Puy 


* If pss = Py: = Pes = 0, the tensor is said to be two-dimensional. For example, the 
state of stress of an elastic body is completely determined by a two-dimensional tensor if 
the stresses are independent of z and have no z-components. 
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Guided by (2.36), we form the combinations 
Po.o — Pio 
Pasa = Pos — Pw ipo 
P-1,-1 = Pas — Pw — 2iPzy 
Po.+1 = P41.0 = Paz + Py (2.37) 
Po,.-1 = P-1.0 = Ps; — (Py 
Paci = P-1.41 = Poe + Pw 
Then the natural generalization of (2.35) is 


Pap -— Page P 
Qt 


where « and () separately take the values —1, 0, +1. It follows from (2.38) 
that 


(no summation over « and p), (2.38) 


Po.o = Po.o 
Phra = Pare 
Phi- = Prae 
Posi = Pone”, 
Po,-1 = Po.-1€", 
Paci Pac» 
or, in terms of the components p... Pyy Pev Pav» Poss Poe 
Pac P 
Pre — Py + Zip, = (Pez — Pw 2ip.)e 
Piz Py — 2iP iy = (Paz — Puy — 2iPa)e”®, 
Poe > dpy = (Paz ipe, 
Piz — dÓpy = (Paz — IPye”, 
Prz —~ Pyy = Pez + Py 


The second, third and last equations (which do not involve the subscript z) 
are important in two-dimensional elasticity theory. Substituting 


—?19 
3, 


(2.39) 


— > 


e“? = cos 29 — i sin 2ọ 


into the second equation and then taking real and imaginary parts, we find 
that 
p: zz Puy F (Pzr zo Pyy) cos 29 T 2Pry sin 29, 


| (2.40) 
2p = 2P xy cos 29 z (Prz E Pyy) sin 29. 
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It follows from (2.40) and the last of the equations (2.39) that 


Poe = Prz T Pw + Pzz — Puy cos 29 + Pry sin 29, 
2 2 

p. Pos T Pw A Pw _ Pez — Pw og 29 — Pr SiN 29, 

P; sre E F sin 2p + Pry COS 29. 


2.7. Invariance of Tensor Equations 


Let 
F(9,9,..,,a5b5 ss Coy di.) =O (2.41) 


be an equation involving scalars o, y,..., vectors a,, bi, ..., second-order 
tensors cj, d, ..., etc, written in a rectangular coordinate system KX. 
Suppose we shift and rotate K, thereby obtaining a new rectangular co- 
ordinate system K'. Then (2.41) is replaced by 


GC’, a0 D iss Cs Gis ns) = 0, (2.42) 


where all components of scalars, vectors and tensors are now written in K’. 
In general, (2.41) and (2.42) are not of the same form, i.e., F 4 G. However, 
supppose (2.42) has the same form as (2.41), so that (2.42) becomes 


F(9’, p, ajs bi, r.g C d; mn .) = 0. 


Then the equation (2.41) is said to be invariant under the transformation 
(rom K to K’. All properly formulated physical laws must be invariant under 
shifts and rotations, since real space is homogeneous and isotropic (see 
p. 59). In particular, all tensors appearing as (additive) terms in an equation 
expressing a physical law must be of the same order. Another requirement 
satisfied by properly formulated physical laws has already been noted in the 
remark on p. 60. 


Example 1. According to Prob. 7, p. 42, the equation of a straight 
line is 

X, — @, — he, + 0 (2.43) 

in a rectangular coordinate system K. Multiplying by a,., and summing over 


k, we obtain 
XoyXy — Lynde — Ao, pe, — O. 


But x,, ax, e, are components of vectors, and hence 


x; — ai — Ael -=0, (2.44) 
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where Xs a, e; are the components of the same vectors in the new system 
K'. Comparison of (2.43) and (2.44) shows that (2.43) is invariant under the 
transformation from K to K’. 

Example 2. Newton's second law has the same form in any two rec- 
tangular coordinate systems, or for that matter, in any two inertial systems 
(moving with respect to each other with constant translational velocity). 
To see this, we first write Newton's law 


F, = £ (moy 
in one system K. We then multiply by a, and sum over k, obtaining 
th, = 4 (Maite) = 4 m(a,.,U, + Vor) 
dt dt 


where the v; are components of a constant vector. But then 
zd 


nen 


F’ "E d (m'v') 
a A 
since m = m, t' = t and 

F; = Fy, Vi = GU, + Voi 


(the term vg, describes the constant translational velocity). 


2.8. Curvillnear Coordinates 


Any three numbers q!, 4°, q? uniquely specifying the position of a point 
M in space are called (generalized) coordinates of M.'? 


Example 1. In a rectangular coordinate system with origin O, q! = x, 
q? = x,, q? = xs are the (signed) distances between M and three perpendicular 
planes going through O. 


Example 2. Given an underlying system of rectangular coordinates 
X1, Xo, Xa with origin O, let q? = R be the distance between M and the xy- 
axis, let g? = @ be the angle between the half-plane determined by the x,-axis 
and the positive x,-axis and the half-plane determined by the x,-axis and the 
point M, and let q? = z be the distance between M and the x,x,-plane [see 
Fig. 2.9(a)]. Then R, ọ and z are called the cylindrical coordinates of M. 
They are related to the rectangular coordinates xj, x», x3 by the formulas 


li. e 2 2 2 _ X: ees 
g=R=Vx? + x2, tan q4“ = tan p = ~, q Z = Xs (2.45) 


x, = R cos o, x; = Rsin 9, X34 = Z. 


1° The numbers 1, 2, 3 appearing in g', g", q° are superscripts, not exponents. 
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(b) 


Fic. 2.9. Illustrating cylindrica) coordinates. 


Example 3. Given an underlying system of rectangular coordinates 
X1, Xe, Xa With origin O, let q? = R be the distance between M and O, let 
q? = 6 be the angle between the positive x,-axis and the vector OM, and let 
q? = 9 be the angle between the half-plane determined by the x,-axis and the 
positive x,-axis and the half-plane determined by the x,-axis and the point 
M [see Fig. 2.10 (a)]. Then R, q and 0 are called the spherical coordinates of 





Fic. 2.10 Iflustrating spherical coordinates. 
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M. They are related to the rectangular coordinates x,, X2, x; by the formulas 
q! =R = Vx? + x24 x 
Vx? + xi 
“o (2.46) 
Xz 


tan q? = tano = #, 
xi 


tan q? = tan 8 = 


x, = RsinOcoso, x,— RsinÜ8sin o, x, = R cos ð. 


2.8.1. Coordinate surfaces. Suppose one coordinate 4' is held fixed, 
while the other two are varied continuously. Then we obtain three families 
of coordinate surfaces, with equations 


q! = const — (g?,q? variable), 
q? = const (q?, q! variable), 
q? = const — (q!,qg* variable). 


It will always be assumed that a unique 
surface of each family goes through any 
given point M (see Fig. 2.11), in keeping 
with the hypothesis that M is uniquely 
determined by its coordinates q', q’, g*. 





Example 1. In a rectangular coordi- 
(e!) nate system, the coordinate surfaces are 


Fic. 2.11. Coordinate surfaces, curves three pe rpendicular planes. 


and axes in a system of generalized Example 2. in a cylindrical coordi- 
coordinates. : 
nate system, the coordinate surfaces 
are the circular cylinders R = const of radius R with generators parallel to 
the x-axis, the half-planes o = const going through the x-axis and making 
angle o with the half-plane determined by the x-axis and the positive x,-axis, 
and the planes z = const perpendicular to the x,-axis (see Fig. 2.9(b)]. 


Example 3. In a spherical coordinate system, the coordinate surfaces 
are the spheres R = const of radius R centered at the origin, the same half- 
planes as in Example 2, and the right circular cones 6 = const of angle 
20 with vertex O and axis along the x;-axis [see Fig. 2.10(b)]. 


2.8.2. Coordinate curves. Suppose two coordinates g' and q’ are held 
fixed, while the other one is varied. Then we obtain three families of co- 
ordinate curves, with equations 

q?- const, q= const (q' variable), 
q? = const, — q!- const (g? variable), 
q! = const, q* — const (q? variable). 
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These are the curves denoted by (q!), (q?), (q?), respectively, in Fig. 2.11. The 
coordinate curve (q') is clearly the intersection of two coordinate surfaces 
g? = const and g* = const, where j and k are the values of 1, 2, 3 other than i. 
By the positive direction along the coordinate curve (q'), we mean the direc- 
tion in which a variable point of the curve moves as q' is increased. 


Example 1. In a rectangular coordinate system, the coordinate curves 
are perpendicular straight lines. 


Example 2. In a cylindrical coordinate system, the coordinate curves 


are the straight lines 

R — const, Q = const, 
the straight lines 

Q — const, z = const, 


and the circles 
R = const, z = const. 


Example 3. |n a spherical coordinate system, the coordinate curves 
are the circles 
R — const, 9 = const, 


the circles 
R — const, 9 — const, 


and the straight lines 
o — const, — 8 = const. 


2.8.3. Bases and coordinate axes. By a basis of a system of generalized 
coordinates 4!, q?, q?, we mean any set of vectors e,, e;, e, of fixed length 
pointing in the positive directions of the coordinate curves. The vectors e, 
€;, €, themselves are called basis vectors. Thus e, is tangent to the coordinate 
curve (q') and points in the direction of increasing q'. The basis e,, e;, e, 
is said to be local, since in general it varies from point to point, as shown in 
Fig. 2.12(a). It should be noted that in general the basis vectors are neither 
perpendicular nor of unit length. 





(a) (b) 


Fic. 2.12. Local bases. The local basis varies from point to point except 
in the case of rectangular or oblique coordinates. 
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The tangent to the coordinate curve (q') is called the 4'-axis (i = I, 2, 3), 
and the positive direction along the q'-axis is the direction of the basis 
vector e,. 

In rectangular and oblique coordinates, and only in such coordinate 
systems, the basis vectors do not vary [rom point to point [see Fig. 2.12(b)]. 
As on p. II, a coordinate system is said to be curvilinear (as opposed to 
rectangular or oblique) if its coordinate curves are not straight lines. Thus 
the basis of a curvilinear coordinate system is “local” in the full sense of the 
word, since it does vary from point to point. 

Coordinate systems whose basis vectors intersect at right angles are 
called orthogonal systems, just as on p. 1l. Thus rectangular, cylindrical 
and spherical coordinates are all orthogonal systems. As already noted, 
the coordinates most widely used in the applications are orthogonal. 


2.8.4. Arc length. Metric coefficients. The fundamental geometric char- 
acteristics of a space "arithmetized" by introducing the generalized co- 
ordinates g!, q?, q? are given by its metric, i.e., by the expression for the 
square of the element of arc length 

(ds)? = gy, dq' dq* 


(recall Sec. 1.6.5). Here g; = e,-e, is the metric tensor (see Sec. 2.9.2). 
The element of arc length along the coordinate curve (q') is 


ds, = |e,| dq’ = Je, dq' (no summation over i), 
while the element of area in the coordinate surface q! = const is 
dc, = |e, x esl dg? dg? 
= (es x ey - (e, x ey dq? dq? 
V (es - exXes * €a) — (es ` es (es + ey) dq? da* 


= V gnEn — £3 dq? dq’. 
Similarly, we have 
do, = V gagn = Eia dq* dq', 
|. do, = Jun — £i dq? dq’, 
or briefly 
de, = J 8pgex — £x dd! dg* (no summation over j and k), 
where i, j, k is a cyclic permutation of the numbers 1, 2, 3. Moreover, using 
formula (1.54), p. 33, we find that the element of volume equals 
dV = 4G dq! dq? dq’, 
where 
G = det ig, ll. 
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The basic quantities describing an orthogonal coordinate system are the 
metric coefficients A, ha, Ay. These are defined as 


hy = Ven, he = Vem, hs = V gays 
and satisfy the formula 
(ds)? = (h, dq”)? + (h: dq’)? + (ha dq*)? 
(recall Sec. 1.6.6). In this case, we have 
ds,=h,dg' (no summation over i), 
de, = hyh, dg! dg‘ (no summation over j and k), 
dV = h,h,h, dq! dg? dq’. 
Example I. In rectangular coordinates, 


(ds)? = (dx,)? + (dxi* + (dx)? 
and hence 


Example 2. In cylindrical coordinates, 


(ds)? = (dR)? + (R dgY + (dz)? 
and hence 
h=, A, =R, h—l. (2.47) 


Example 3. In spherical coordinates, 


(ds)? = (dR)* + (R dO)? + (R sin 9 dọ} 
and hence 
h,=1, k =R, h,= Rsinð. (2.48) 


Suppose the relation between a system of generalized coordinates q’, 
q^, q* and an underlying system of rectangular coordinates x,, x;, x, is given 
by the formulas 


q! = q(x, Xo, X3), g? = gx, X2, X3), g? = qo, Xo, X3) (2.49) 
and 


Xx = x(q}, g’, g), X, = x(q, g, q*), Xs = x(q’, q’, q*), (2.50) 


where the Jacobians 
dq' 


Xk 


Ox, 


Qq* 


are neither zero nor infinite. For example, (2.49) and (2.50) take the form 
(2.45) with J = I/R in the case of cylindrical coordinates, and the form 
(2.46) with J = 1/R sin in the case of spherical coordinates. Writing (2.50) 


J — det J^! = det 
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more concisely as r = r(4!, g*, 49), where r = xii, + Xaia + Xyiy is the radius 
vector of an arbitrary point M, we find that 

or or or or, 

dr = — dq! + — dq! + — dq? = —— dq, 

04! * ðq? ^ 0q? : dq‘ : 
where in using the summation convention in the last expression, we agree to 
regard a superscript in the denominator as a subscript in the numerator and 
vice versa. It follows that 





or Or ,. 
2 — E CL al 
(ds)? = dr - dr p aF dq' dq*. 
Therefore the vectors of the local basis are 
or 
e; = 3 
0q' 
and the metric tensor is 
or Or Ox, Ox, 


Bik Ry ack. Nek 


In the case of orthogonal coordinates, this implies the following expression 
for the metric coefficients: 


As an exercise, the reader should deduce (2.47) and (2.48) from (2.45), (2.46) 
and (2.51). 


2.9. Tensors in Generalized Coordinate Systems 


2.9.1. Covariant, contravariant and mixed components of a tensor. In a 
generalized coordinate system, a first-order tensor (vector) A is uniquely 
determined either by its three covariant components 4A, or by its three con- 
travariant components A‘ (recall Sec. 1.6.3). Under changes of basis the 
quantities A, transform differently than the quantities A’, i.e., 

A; = aA, 

A” = a\A* 
[see (1.43) and (1.44)]. Nevertheless, the covariant and contravariant com- 
ponents are not independent, and are in fact related by the formula 

Ai = 8uA", 

A! = p" A, 
[see (1.48) and (1.49)], where the coefficients g,, (g'^) are determined by the 
basis of the coordinate system in which the components of A are taken. 
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In just the same way, tensors of order two or higher can have various 
kinds of components in a generalized coordinate system. These com- 
ponents differ in the way they transform under changes of basis. Moreover, 
just as in the case of vectors, there exist formulas relating the various kinds 
of components. 

Thus we now reexamine the concept of a second-order tensor, this time 
relaxing the requirement that the coordinate system be rectangular: By a 
second-order tensor is meant a quantity uniquely specified by nine numbers 
(the components of the tensor). These components can be covariant Aj, 
contravariant A‘ or mixed A*, A',, and transform according to the formulas 


LI i ™ 
Ay, = aa, Aim, 
k vk AI 
A" ^— aja, AU", 
rk „layk 4m 
A, = aya A, , 


"5 6f, om 4l 
A, =a, afA m 


(2.52) 


where a* and a* (i, k = 1, 2, 3) are the coefficients of the direct and the inverse 
transformations [see (1.11) and (1.12)]. The relation between the various 
components of a tensor, considered in a coordinate system with metric 
(ds)? = g,, dx' dx*, are given by the formulas 


Ay = 8i18emA’™ = gu, = Bit’ 
A* = g"'g"A,, 2 gia: e gi, 
A; = gh, = BA, 
A', = g"A, = ga A". 


(2.53) 


The dot in the mixed components emphasizes the order of occurrence of the 
indices. Thus in A;* the first index is "covariant" and the second “‘contra- 
variant," while in A‘, the first index is contravariant and the second covariant. 


2.9.2. The tensor character of g,,, £'* and g^. We now show that the 
quantities g,,, g'*, g^ defined in Sec. 1.6.5 are actually the components of a 
second-order tensor, called the metric tensor. First we observe that formulas 
(1.11), (1.12) and (1.47) imply the following transformation laws for gy, 
£'*, g:* under changes of basis: 


Bie = CO, = A E Xue, = KAKE, Em GIU EI 
g'" = e e*m galake e e" = afa p", 
git = ej € = ala¥e, e" = atat gi". 
Comparing these formulas with (2.52), we see that the g,, are the covariant 
components of some tensor, the g'* are contravariant components of some 
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tensor, and the g;* are mixed components of some tensor. To verify that all 
these quantities are components of the same tensor, we need only show that 
they are connected by relations of the form (2.53). But it follows from the 
definition of g,, and the properties of the basis e}, e;, ey and its reciprocal 
el, e?, e? that 

e, = ge 
[recall (1.42)]. Therefore 


Eir = êi = ge "gest = £iEia€ ʻe" = Bagxag "s 
Eir = gie De, = BiB es 
etc., in keeping with (2.53). 


Remark. The components of g-* are the same as those of the Kronecker 
delta defined on p. 39, i.e., 
0 if ik, 
| if i=k 
[recall (1.47)]. 


2.9.3. Higher-order tensors in generalized coordinates. In a generalized 
coordinate system, a tensor of order n has 3" components as in Sec. 2.5, but 
now it can have various kinds of components, i.e., covariant, contravariant 
and mixed components of various kinds. For example, a third-order tensor 
has 33 = 27 components, with mixed components A;,', 45, . . . which trans- 
form according to the formulas 


ndo 1 Qm n U ag 
Ai = ap apa, Amn, 


Qi UL n Uam.r 
Ax = a4, An 3 


etc. Here we say that A;;' is a mixed tensor with two covariant indices and 
one contravariant index (and similarly for 4';). 

The requirement for invariance of tensor equations given in Sec. 2.7, i.e., 
that all tensors appearing as (additive) terms in an equation expressing a 
physical law be of the same order, must now be strengthened by the require- 
ment that all terms have the same "covariance." In other words, covariant 
components cannot be added to contravariant components, and mixed 
tensors can be added only if they have the same structure (like A*' and B;*"). 


2.9.4. Physical components of a tensor. The case of orthogonal bases. 
The concept of “physical” components of a vector has a natural generaliza- 
tion to the case of tensors of order two or higher. [n the general case, this is 
a consequence of the fact that the components of a tensor of order n can be 
written as a sum of products of components of n three-dimensional vectors 
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(see Prob. 5, p. 97), In particular, the physical components 4$, and A*** 
of a second-order tensor are given by the formulas 


A A 
d = ik ik 








—— (no summation over i and k), 
lelle.| — JJ gi£u (2.54) 


A" = A'*lel|e,| = A'" VS Zug (no summation over i and k), 


generalizing the expressions for A* and A*' on p. 30. 
In the case of orthogonal bases, it follows from (2.53) and (1.47) that 


Aa = A gug = A*h*h? (no summation over i and k), 


A : : 
A'* = Aag" g" = E (no summation over i and k) 
itk 


(recall from Sec. 1.6.6 that gg" = 1). In this case, we see from (2.54) that 


Aa = A“h hy, (no summation over i and k). 


UE 
Remark. Again, as in Remark 2, p. 34, summation can only take 
place over “dummy” indices in different positions, where two indices are 
said to be in difTerent positions if one is a subscript and the other a superscript. 
For example, 


Aq = AT = 


Aui = BimA pi = EimExn At = SimBenBrA””- 


The operations of “raising” and “lowering” indices have the same meaning as 
on p. 34. Moreover, an equation like 


t 
Ay = gi Aix 
is sometimes described as “renaming” an index. 


2.9.5. Covariant, contravariant and mixed tensors as sach. [n describing 
a tensor arising in a physical or geometric problem, it is sometimes most 
natural to start from a particular set of components, say covariant com- 
ponents. The tensor itself is then said to be “covariant,” but formulas like 
(2.53) can always be used to deduce all the contravariant and mixed com- 
ponents of the same tensor, which is to be thought of as a single object with 
no more than 3" independent components (if it is of order n). 


Example I. Let f(x!, x?, x*) be a scalar function of the generalized 
coordinates x!, x?, x? (not to be confused with the rectangular coordinates 
Xj, Xs, X3). Then, by the chain rule for partial differentiation, 


of _ af axt — , af 
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where we use the fact that 


ee „pk 
= a; 


xf 

(see p. 29). Therefore the three quantities 0//dx' transform like the covariant 
components of a vector [see (1.43)], and in this sense form a “covariant 
vector." However, it would be more accurate to describe df/@x' as the co- 
variant components of an underlying 
vector (the gradient vector defined in 
Sec. 4.3.2), which has perfectly well- 
defined contravariant and mixed com- 
ponents as well, found by using 
formulas like (2.53). 


Example 2 (The stress tensor in 
generalized coordinates.) Again let 
x!, x*, x? be generalized coordinates, 
and let e,, €z, €, be the corresponding 
(right-handed) basis. Consider the 
Fic. 2.13. The stress tensor in generalized elementary tetrahedron with edges 

coordinates. e, dx!, e; dx?, e, dx? drawn from the 

origin O and “bottom” of area da,,. 

Let n be the unit exterior normal to do,, and let the areas of the faces of the 
tetrahedron be da,, dag, dos. Then, as shown in Fig. 2.13, 





da, = |e, x ej| dx? dx, 
do, = |e, x e,| dx? dx!, (2.55) 
do, = |e, x ejl dx! dx?, 
and 
n do, = (e, dx? — e, dx") x (e, dx — e, dx?) 
= (e, x €) dx? dX? + (eg x ej) dx? dx! + (e, x e,) dx! dx*. 
Introducing the vectors e!, e, e? of the reciprocal lattice, and taking 
account of (1.36), (1.54) and (2.55), we find that 
e; X & = e! G, 
say, and hence, 1 
(e; x ey dx! dx? =  da,. 


le] 
It follows that $e ch 
e 
ndo, — Y — do, 
i=1]e’| 
Therefore 4 
jeder (2.56) 
le’ 


where 7, are the covariant components of the vector n. 
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Just as in Sec. 2.4.1, the stress vector p, acting on do, equals 


3 
1 
Ps = > P; dc, WERE 
i=l da, 
or 
3 " 
Pa = X, p. lel n; 
i=l 
after substituting from (2.56). The components of the stress vector p, with 
respect to the basis e,, e;, ej are of course contravariant [recall (1.41)], and in 
this sense the vector p, |e'| itself is contravariant. Denoting the contravariant 
components of p, [e'| by p'*, so that 
3 
p; le'| = > p"e,, 
kml 
we have 


3 
p. = > p"ne,. 
LPT oo | 
Therefore the contravariant components of the stress vector p, are 


Pr = PUN. 

The nine quantities p'^ are the contravariant components of a single 
physical quantity, namely the stress tensor, and allow us to determine (in 
the given system) the stress at an arbitrary point acting on an arbitrary ele- 
ment of area characterized by the vector n. The covariant and mixed com- 
ponents of p*™ are found in the usual way, e.g., 


Da = BitBemP Pit = gap. 
Remark. Just as the vector A with components A, is denoted by the bold- 
face letter A without subscripts, we can use A to denote the tensor with 
components Air» Ais» etc. The analogue of the representation 


A= Age’ 
is then 
A = Aee, A= Ay, e'e“e', (2.57) 


and so on. Given two vectors A and B, the second-order tensor C with 
components C,, = A;B, (recall Example 1, p. 64) can then be written as 


C = AB = A,B,e'e* = C,,e'e*. 


Here the quantity AB, called a dyad, has no multiplication sign and is not to 
be confused with the scalar or vector product. Note that AB 4 BA, and in 
fact the matrix corresponding to AB (see Remark 2, p. 64) is the transpose 
of that corresponding to BA. The natural generalization of (2.57) to tensors 
of higher order is 


T = T; reet- eee 
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SOLVED PROBLEMS 


Problem 1. Find a formula for the moment of inertia of a system of n 
particles of masses m,, Mg, ... , 7n, about an axis u characterized by the unit 
vector Up. 


First solution. Let r, be the radius vector of the kth particle with respect to 
some origin O lying on u. Then |r, x u,| is the distance from the kth particle 
to the axis u, and hence the moment of inertia of the system of particles 
about u is given by 


1,— 2 mí, x up)". 
k= 


It follows from (1.27) and (1.30) that 


= Xm X Up) + (T, X Up) = Xmas [Uo x (r, x uj)] 


(2.58) 
= > MAL, * [r, — uj(r, - u;)] => my [ri — (Fx - ug], 
km - 
where r, = |r,|. In a coordinate system K with origin O, we have 
I, = Èm, [xx — (xiPug)?], (2.59) 


where 
r, wi 4 xti, ES xt? 


and u, has components t4, D = 1, 2, 3). 


Second solution. Let u be the x;-axis of a new coordinate system XK’. 
Then 


I,—1,i- 8,3, 
where /,, is the moment of inertia tensor about O in the system K. But 
Ry, = ii, = Oy * i, = Uor, 
and hence 
I m T, Mo, p s, (2.60) 


which gives (2.59) after substituting from (2.17). 


Problem 2. Show that the kinetic energy of a rigid system of n particles 
of masses m, ms,,...,m, rotating with instantaneous angular velocity 
w about a fixed point O equals 

T = 31,0’, 


where /,, is the moment of inertia of the system about the instantaneous axis 
of rotation (the axis with the direction of w). 
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Solution. Let r, be the radius vector (with respect to O) and v, the in- 
stantaneous velocity of the kth particle. Then, using Prob. 11, p. 45, we 
have 


T- » mal = P mío x n = iY mw x ry) + («o x r,) 


=4 È mw: lr x (o x r91 = 1 Y meo - [rio — n5] 
= 4 Xnirie — (ru +o] 
Let i 


wg = — 
Q 


be the unit vector characterizing the axis uf rota*‘on, and let Z, be the moment 
of inertia about this axis. Then 


T= jo! Y m, — (r, ex] = Ho! 


[recall (2.58)]. Using (2.60), we can also write 
T= How? = $ia Orau = 41,,0,0, 
in terms of the components of w and the moment of inertia tensor ab~ut O. 


Problem 3. Let I, be the moment of inertia of a system of n particles 
of masses m,, m,..., m, about an axis u through the center of mass of the 
system. Find the moment of inertia of the system about an axis v parallel 
to u. 


Solution, Let R be the radius vector of the center of mass (which lies on 
u) with respect to some origin O on v. Suppose r, is the radius vector of 
the kth particle with respect to O, while r, is its radius vector with respect to 
the center of mass. Then 
r, —r, +R, 
and hence 


I, — Y nr, x Yo)? €: Y ml; + R) x vol? 
— Y m,(R x wy -- mj, x vo)? + 2X mR x vo) + (ri x v), 


where v, is a unit vector along v. But 


> nri x Yo)? = $ m,(r; x Uy)” = I 
k=l k=l 
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where u, is a unit vector along u, since v, = W (the axes are parallel). More- 
over 


Èm R X v9) * (Fy x Yo) = (R x Yo) (Eri) x "| = 0, 
since T = 
Xm — 0, 


by the definition of the center of mass. Therefore 
I-—l-MIRxwJf, 


where M is the total mass of the system and |R x v,| is the distance between 
the axes. 


Problem 4. Find the most general linear function relating the viscous 
stress tensor Pa to the rate of deformation tensor v,, in an isotropic fluid." 


Solution. The most general linear function relating Pis and v,, is of the 

form 
Pik = Nikitin 

where 7444 is a fourth-order tensor characterizing the properties of the fluid. 
Since the properties of the fluid must be the same in all directions, the com- 
ponents of 7,,;,, must be invariant under arbitrary rotations of the coordinate 
system. Such a tensor is said to be isotropic. It can be shown" that the most 
general isotropic tensor of order four is of the form 


Tiam = 49,49;, + 89,8, + Chime 
where 
Oif i z^ j, 
lifj2j 


is the Kronecker delta. It follows that 
Dir = A948 sim + BB 8p m¥tm + COUR 
= Av, + Boy, + Cu. 
Since v,, = v,, [recall (2.22)], we have 


Pu = 2uvy. + u Sau, (2.61) 
where 
B4-C-2uy, A=W. 


! The viscous stress tensor Pu is the part of the stress tensor pj, which vanishes when the 
fluid is at rest. The relation between p,, and f, is p. = —p8, + Pu, where p is the 
hydrostatic pressure. See R. Aris, op. cit., p. 107. 

18 [bid., pp. 33-34. 
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Formula (2.61) is basic in hydrodynamics. The constants u and p’ (called 
viscosity coefficients) characterize the properties of the isotropic fluid.!? 


Problem 5. Show that an arbitrary second-order tensor can be repre- 
sented as a sum of products of the components of three vectors, taken two at 
a time. 


Solution. Introduce an orthogonal coordinate system (in general, non- 
rectangular) with orthonormal basis e,, e,, e. Let T;, be the covariant com- 
ponents (say) of the tensor in this system, and suppose the vector e, has 
covariant components e,, and contravariant components e£.!* Consider the 
scalars 


Tap = Tueiel. (2.62) 
Multiplying (2.62) by e,,e,, and summing over « and B, we obtain 
3 
Ere c E E iine (2.63) 
a.p ka a. 
But 
€a ^ & = b e afer = = NY (2.64) 


since the basis e, €z, e, is orthonormal. Multiplying (2.64) by e3 and sum- 
ming over B, we find that 


3 3 a 
2 duced = Xaxed 
or 
a= ONT (2.65) 


ixl f-1 


On the other hand, since g;* = | if i = a and 0 otherwise, 


a 
= 2 grez 
A comparison of this formula with (2.65) shows that 


= esp (2.66) 
da 


Therefore the right-hand side of (2.63) equals 


3 


: 2. Tages = Ts 
and hence i 


3 
T. = 2 Togfas€go (2.67) 


9? R. Aris, op. cit., pp. 11)-112. 
* Do not think of e,, and e; as tensors. A somewhat "safer" but clumsier notation 
would be e,4;, and Eig. 
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which is a representation of the required form. Analogous representations for 
T'* and T;* are easily deduced from (2.67). 
The natural generalization of (2.67) to the case of tensors of order n is 


3 
Tiria ey ee > JY iayis ... Ga) Cau Eana 7 Canin: 
an 


Problem 6. Find representations analogous to (2.66) for the components 
£a and g'* of the metric tensor. 


Solution. Using (1.48), we find that 
Bse = Car (a = 1,2, 3). 
Multiplying each of these formulas by e,, and summing over a, we obtain 
3 3 3 
$822, Cala = X esca 
jml  a-l aml 
It follows from (2.66) that 


3 3 
> Bng = > CaiCaks 
jul am] 
and hence 


3 
Bik = Y esta 
al 


Similarly, we find that 


Problem 7. Given a rectangular coordinate system K with orthonormal 
basis i,, i,, i,, consider the second-order tensor with components 


2 13 
Aull = AH = AFI = WAL = 12 3 4|. 
1-2 1 
Let K' be a nev coordinate system with basis vectors 
e, =i, 
e; =i, +i, (2.68) 


ey = i, + i, + is. 


Express the ccvariant, contravariant and mixed components of the given 
tensor in the system K’. 


Solution. According to (2.52), 


£0 QULm 
Aj, = XX Aim 
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where «i, xm, are the coefficients of the direct transformation (2.68), i.e., 


r—1, ap —0, ap —0, 


€, 
ay = I, ay = l, a = 0, 


ay = I, 4$ = 1, ay = , 
and hence 
2 3 6 
lAl = 4 8 15 
5 H 19 


To find A'**, Aç" and A'i, we use the formulas 
AM = gig Ato 
Ar" = g" Aj, 
A = Au 
[see (2.53)], after first noting that 


1 1 1 
gal = here] = |l 2 2|, 
12 3 
2 —i 0 
lg*-—|-1 2 -1 
0 —I 1 
[see (1.47) and (1.52)]. As a result, we obtain 
2 —1 -1 
ai=] 0 —2 3j, 
—1 1 1 
{ —2 3 
IA*T= 0 —3 7H, 
—1 —2 8 
0 —2 —3 


l4du-—li1 2 5 


100 THE TENSOR CONCEPT CHAP. 2 


EXERCISES 


1. Given a rectangular coordinate system K, let K’ be the coordinate system 
obtained from K by rotating K first through the angle 7/6 about the x;-axis 
and then through x/2 about the x;-axis so that the x; and x,-axes coincide 
(see Fig. 2.14). Find 

a) The components of the vectors 


A = iy + 2i, + 3ig, 
B = 4i, T Siz + 6i, 


in the system K’; 

b) The tangential and normal stresses 
on elements of area perpendicular to 
the axes of K’ if the stress tensor in 
the system K is of the form 


n 9 0 





pix ll = 0 Pa OF]; 
0 0 Ps 


€) The stress on an element of area passing through the bisector of the first 
quadrant of the x,x,-plane and making angle 7/4 with the x,-axis. 


Fic. 2.14. Illustrating Exercise 1. 


2. The moment of inertia tensor of a right circular cylinder with respect to 
axes passing through its center of mass (the x-axis is parallel to the generators) 
is of the form 


hoo 
Wiel = 0 Ig 0 


Find the moment of inertia of the cylinder about the bisectors of the angles 
between the various coordinate axes. 


3. What are the analogues of formulas (2.37) and (2.38) for tensors of order 3? 
Of order n? 


4. If Aix is a covariant tensor of order 3 and B™™" is a contravariant tensor 
of order 4, prove that 4;,,B*!" is a mixed tensor of order 3 (with one covariant 
and two contravariant indices). 


5. If v, is a covariant vector and x* are generalized coordinates, prove that the 
quantities 

Ov; 

àx* 
form a second-order tensor. 
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6. Let 4!,g?, q? be coordinates related to rectangular coordinates x1, x», xs 
with orthonormal basis i), i;, ig by the formulas 


ql =x t+ x», q*xQ—x d = 2x5. 


a) Prove that q!, q?, q° are themselves rectangular coordinates; 

b) Find the corresponding basis vectors; 

c) Find the metric tensor ¢;,; 

d) Find the covariant and contravariant components of the vectors 


2l,, A= i, + l5, B = 2i, = 3ig; 


e) Calculate G = det |lz,xIl; 
f) Find the components of A x B in both coordinate systems. 


7. Show that the vectors with contravariant components 


1 l 
(1,0,0), (0.5.0). (s. OR sin i) 


in a spherical coordinate system are perpendicular to each other. 


B. Given a system of rectangular coordinates x,, x; with orthonormal basis 
i} ig, the coordinates q}, g* defined by the formulas 
a sinh g! a sin g? 


~ coshg! + cosq?' — "* " coshg! + cosg? (rco com) 


x 


are called bipolar coordinates. Find 
a) The basis vectors ej, e, (are they orthogonal?); 
b) The metric tensor fig; 
c) The covariant and contravariant components ofií,, i; in bipolar coordinates. 


9, Two tensors have components 


A, = XX, A, = 2x, ew: x3, Ay = Xia 
and 
x, X, 0 


Till = |] X12 Xy 1 
0 1 x 


in rectangular coordinates. Find the covariant, contravariant and physical 
components of these tensors in cylindrical and spherical coordinates. 


10. Show that the angles 4,0, 93, 9,3 between the coordinate axes of a generalized 
coordinate system with metric tensor g; are given by the formulas 

823 , cos Oy, = Zu 
Vege V8 V aai 


Find the angles between the vector with components A‘ and the coordinate 
axes. 
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11. Given a scalar function 9 = O(x', x?, x), do the quantities 
ao 
ox! ax* 
form a tensor? 


12. Solve Prob. 7, p. 98 if K' has basis vectors 


instead of (2.68). 


13. Given two generalized coordinate systems K and K', with local bases 
ei €, € and ej, e, €, respectively, let z* be the coefficients of the direct 
transformation and ak the coefficients of the inverse transformation, so that 


k =p s'et k * o'k 
a, =e, e, ai = 6'e 


[cf. (1.45)). Prove that 


k — gt gk 
gi =a Trp. 


3 


TENSOR ALGEBRA 


3.1. Addition of Tensors 


Let A, and B, be the components of two second-order (Cartesian) 
tensors, and let 
C, = Ay + Ba. 
Then the numbers C,, are themselves the components of a second-order 
tensor, called the sum of the tensors with components A,, and B, In fact, 
A, and B, transform according to the formulas 
Ain = Se mAim 


(3.1) 


Bj, = Artem Bim 
and hence C;, transforms in the same way: 
Cj, = Aj F Bj = aces Am + Bim) = 878m Cin. 


Addition of any number of tensors of arbitrary order is defined similarly, 
i.e., the sum of two or more tensors of the same order is the tensor whose 
components are the sums of the corresponding components of the sum- 
mands. Note that tensors of different orders cannot be added. Subtraction 
of tensors of the same order is defined in the obvious way. 

In the case of generalized coordinates, the tensors must have not only the 
same order but also the same structure, i.e., the same numbers of covariant 
and contravariant indices in the same places. For example, the sums 


C* = A™ Bt 

C? = As + By, 

C = AM + BU 
103 
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all make sense, and each expression on the left is a tensor of the same order 
and structure as the terms on the right. This is a consequence of the fact that 
any transformation law for a tensor is homogeneous in the transformation 
coefficients and linear in the components of the tensors. 


3.2. Multiplication of Tensors 


Again let A,, and B,, be the components of two second-order tensors, but 
this time consider all possible products of the form 


Cin = A Bim: 


Then the numbers C,,,,, are the components of a fourth-order tensor, called 
the (outer) product of the tensors with components A,, and B, In fact, it 
follows from (3.1) that 


Ciim = Ain Bir ran RM. NON PN. VIR. RM: rs = Ki nXprphrphmra€ nr, 
It is easy to see that tensor multiplication is noncommutative, e.g., 
Ciim = Ai Bim F Cini = Au Ba. 


Multiplication of any number of tensors of arbitrary order is defined 
similarly, i.e., the product of two or more tensors is the tensor whose com- 
ponents are the products of the components of the factors. The order of a 
tensor product is clearly the sum of the orders of the factors. 

In the case of generalized coordinates, some of the indices may be co- 
variant while others arecontravariant. For example, the product of the tensors 
with components A‘, and B* is the tensor with components 


Cy =A “iB”, 


where the fact that C';,"” is a fifth-order tensor of the indicated structure is 
an immediate consequence of the transformation laws of A‘,, and B*. Note 
that tensors of arbitrary order and structure can be multiplied (but not 
added). 


3.3. Contraction of Tensors 
The operation of summing a tensor of order n (n > 2) over two of its 


indices is called contraction. For example, contraction of the first and second 
indices of a third-order tensor A,,, gives the quantity 


3 
Aiii -2 Ai — Au + Ago, + Aa (i = 1,2,3). 
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The two other possible contractions of Ay, are Ax; and A,,,. Each such 
contraction is a first-order tensor, i.e., a vector. In fact, being a third-order 
tensor, A,,, transforms according to the formula 


, 
Aix E Gr me n rp A mnr- 


Hence, setting k = i and summing over i, we obtain 


Ain = Berm hy nr A mar = Bnrm mar = 017A mr 
[recall the orthogonality conditions (1.62)], i.e., the quantities 4;,, transform 
like a vector, as asserted. 

More generally, it is clear that contraction of a tensor of order n (n 2 2) 
leads to a tensor of order n — 2. This tensor of order n — 2 can then be 
contracted again (provided that n 2 4), giving a tensor of order n — 4, and 
so on, until we obtain a tensor of order less than 2. In fact, repeated con- 
traction of a tensor of order n eventually gives a scalar if n is even and a 
vector if n is odd. 

The result of mulliplying two or more tensors and then contracting the 
product with respect to indices belonging to different factors is often called 
an inner product of the given tensors. For example, the expressions 4,,B, 
and 2,,4,,8,,, are both inner products, and so is the scalar product A,B, of 
two vectors A and B. 

In the case of generalized coordinates, il is important to note that con- 
traction (like summation itself) can be performed only on pairs of indices in 
different positions (recall Remark 2, p. 34), ie, one contracted index 
must be covariant and the other contravariant. Otherwise, the result of con- 
traction will not be a tensor. For example, suppose we contract the tensor 
A;* in the indices iand k. Then 4;" is a tensor (in fact, a contravariant vector), 
since it follows from (2.52) and (1.14) that 


A; = Paat Aer — aL Ar, 
However, contracting A;*' in the indices k and / gives a quantity whose 
transformation law 
A; = ofa a Az" 
is not that of a vector. Similarly, in forming inner products in generalized 
coordinates, we can only sum over indices in different positions, obtaining 
expressions like A'B,, AaB", KE" Bin, Ai pB, etc. 


3.4. Symmetry Properties of Tensors 


3.4.1. Symmetric and antisymmetric tensors. A tensor S4, (of order 2 
or higher) is said to be symmetric in the indices i and k (say) if 


Sun... = Sui... 
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i.e., if interchanging i and k has no effect on the corresponding components. 
Thus 
Sher. = Sau... S231... Saat... 
and so on. 
A tensor Axı... (of order 2 or higher) is said to be antisymmetric in the 
indices í and k (say) if 
Aut... = Arit., (3.2) 


i.e., if interchanging i and k changes the sign of the corresponding compo- 
nents. Thus 
Ain... = — Án... Aa... = —Aszr..., 


and so on. [f A,,,,_ is antisymmetric in a pair of indices, then the components 
obtained by equating these indices must vanish. For example, (3.2) implies 
Aiu... = ~An... and hence A... = 0. 


Example 1. In a system of rectangular coordinates x;, X}, x, with ortho- 
normal basis i, Íz, ij, the element of arc length is given by 


(ds)? = 8,, dx; dx, 


in terms of the symmetric second-order tensor 3,, = i, -i, called the Kron- 
ecker delta (see p. 39) or the unit tensor (see p. 70). 


Example 2. Given two vectors A and B, with components A, and B,, 
the second-order tensor with components 


Cu = A,B, — AB; 
is antisymmetric. 


A tensor which is symmetric (or antisymmetric) in one coordinate system 
remains symmetric (or antisymmetric) in any other coordinate system. In 
fact, if Tix is symmetric in a given system, i.e., if Ti = 7,,, then 


, m! i 
Tj, = Gem lim = Gem T mi = Gy mit T mi = Ty 


and similarly for antisymmetry and tensors of higher order. 
A symmetric second-order tensor S,, has a matrix of the form 


Su Siz Sis 
lSall = | Siz Ss Sz lj 
Sis Seg Sas 
while an antisymmetric second-order tensor A, has a matrix of the form 
0 Ás Ai 
WAgall =|| —4 0 AJ. 
—Ayug —Aa 0 
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Thus a symmetric second-order tensor has 6 independent components, while 
an antisymmetric second-order tensor has only 3 independent components. 

Any second-order tensor 7,, can be represented as a sum of a symmetric 
tensor and an antisymmetric tensor. In fact, let 


T, = Su + Ais 
where 
Sik = MT, + T). Ay = A(T, E Txi). 


Then obviously S,, is symmetric and A, is antisymfhetric. S, is called the 
symmetric part of T,, and A,, is called the antisymmetric part of T,,. 


Remark. The operation leading from an arbitrary tensor with components 
Ti» to the tensor with components T, + Ty is called symmetrization, while 
the operation leading to the tensor with components Ti — T,, is called 
antisymmetrization. 


In generalized coordinates, the concepts of symmetry and antisymmetry 
apply only to pairs of indices in the same positions. Thus 4;;! is symmetric 
in jand k if 4;;! = Api, while B'^is antisymmetric in i and & if B'5 = — B*. 

Example. In a system of generalized coordinates x!, x?, x? with basis 
€ €z, €, the element of arc length is given by 


(ds)? = gy dxidx* 


in terms of the symmetric second-order tensor gy = e, : e,, called the metric 
tensor (see Sec. 2.9.2). 


3.4.2. Equivalence of an antisymmetric second-order tensor to an axial 
vector. Let A, be an antisymmetric second-order tensor. Then the trans- 
formation law of Ay, is 


+ 
Aik = Oy Ox mAim = Ajte + arayin + aes. 


(3.3) 

TOXysRaAÀsi + Apres + 0,334: o 
(Au = Az = Aa = 0). Since Aim = —4,,,, we can write (3.3) in the form 
A;x = (65pm — Xi) Am, (3.4) 


where the indices / and m are restricted to the values 1, 2 or 2, 3 or 3, J. 
Suppose we introduce the notation 


Ay, = —Ay, = As, Ån = —Age = Ay, Án —À4 = As 


or more concisely, 
Aim = A, 


where /, m, n is a cyclic permutation of the numbers 1, 2, 3 and similarly 


Ay, = A, 
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where j, k, r is also a cyclic permutation of 1, 2, 3. Then (3.4) can be written 
as 


A, = 2 CT pm uu € oma Ans (3.5) 


LMN 


where the indices r, j, k and I, m, n are both cyclic permutations of I, 2, 3. 

To simplify (3.5) further, we first expand the orthonormal basis ij, i, i, of 
the new coordinate system K’ with respect to the orthonormal basis i}, i», is 
of the old coordinate system K: 

i = e, d,. 
Then we calculate the vector products i, x i,, obtaining 
i; x i x a iy s (li x im) (3.6) 
where the vector products are both taken in some underlying right-handed 


coordinate system (say K itself) and the sum on the right is over all values 
of / and m. Forming the scalar product of (3.6) with i,, we find that 


(i x ij) E i, = Oy 1X ml x is) , İn 


where in the right-hand side only two terms differing in sign survive for 
each fixed value of n. Specifically, if the old system K is right-handed, then 


(i; X i)'i, = ty ym — Xm (3.7) 


where /, m, n is a cyclic permutation of 1, 2, 3. Moreover, if the new system 
K' is right-handed, like K itself, then 

i; x i = i, 
while if K' is left-handed, 

i; x i, = —i;, 
where in both formulas j, k, r is a cyclic permutation of 1, 2, 3. It follows 
that 

(i x ij) . i, = i T in = arn 

if K' is right-handed (like K), while 


, 


(i, x i) 2 i, = =i * i, = — lrn 
if K’ is left-handed. Therefore formula (3.7) finally becomes 
Apn = (Aye — Gm), (3.8) 


where j, k, r and n, /, m are both cyclic permutations of 1, 2, 3 and we choose 
the plus sign if K' is right-handed and the minus sign if K’ is left-handed. 
Returning now to the transformation law (3.5) and using (3.8), we find 
that 
A; = a À, (3.9) 
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under transformations from a right-handed coordinate system to another 
right-handed system, while 
A, = —4,-,A, (3.10) 


under transformations from a right-handed system to a left-handed system. 
It can be shown (see Sec. 3.7.1) that the law (3.9) also governs transforma- 
tions from a left-handed coordinate system to another left-handed system, 
while (3.10) governs transformations from a left-handed system to a right 
handed system. Vectors transforming according to formulas (3.9) and (3.10) 
are called axial vectors, and have already appeared on p. 18. Thus we have 
finally shown that the components of an antisymmetric second-order tensor 
transform like the components of an axial vector. 

Axial vectors are a special case of a class of tensors, called pseudo- 
tensors, whose components change sign when the “handedness” of the coor- 
dinate system is changed. Pseudotensors will be discussed in detail in Sec. 3.7. 


3.5. Reduction of Tensors to Principal Axes 


3.5.1. Statement of the problem. We now consider a problem of great 
physical importance. Given a fixed second-order tensor with components 
T,, and any vector A with components Æ, we form the inner product 


T4A, = B, 


thereby obtaining a new vector B with components B, In general, the 
vector B differs from A in both direction and magnitude, i.e., the operation 
T4, A4, both rotates B and changes its length. Suppose we pose the problem of 
finding all vectors A which are not rotated by inner multiplication with T;,, 
i.e., all vectors A such that 

TAA, = dA; (3.11) 


where A is a scalar (the length of A is changed if A = +1), Such vectors, if 
they exist, are called the characteristic vectors or eigenvectors of the tensor 
T,,, and their directions are called the characteristic or principal directions 
of T, Moreover, the axes determined by the principal directions are called 
the principal axes of T,,. The problem of finding the principal axes of T;, 
is often called the problem of reducing T;, to principal axes (more exactly, 
to principal axis form). 

The values of the components 7,, in the coordinate system determined by 
the principal axes are called the characteristic values or eigenvalues of the 
corresponding tensor. It will turn out that these are just the values of A 
for which equation (3.11) has solutions. 

We now give (wo examples illustrating the physical meaning of these 
concepts. 
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Example 1. If p,, is the stress tensor, then the stress p, on the element 
of area with unit normal n has components 


Pux = Pai 


(see p. 67), where in general p, is not parallel to n, i.e., in general there are 
tangential as well as normal stresses on any element of area. Suppose we are 
interested in finding elements of area on which there are only normal 
stresses, with no tangential stresses at all. For such elements of area, p, is 
parallel to n and hence 
p, = p^; = An 
or 
Pat, = M. 


In other words, the normals to these elements of area lie along the principal 
directions of the tensor p,,. 


Example 2. The displacement vector D in a dielectric medium is a linear 
vector function (recall Example 3, p. 65) of the electric field E, i.e., 


D, = eE 


where e,, is the dielectric tensor. In general, D and E have different directions. 
However, for special choices of E, 
determined by the solutions of the 
equation 

eau Ey = XE, 


the directions of D and E coincide. 


3.5.2. The two-dimensional case. 
Before studying the problem of re- 
ducing three-dimensional tensors to 
principal axes, we consider thesimpler 
problem obtained when the number 
Fic. 3.1, The principal axes of the moment of dimensions is only two. Thus, to 


of inertia tensor of a plane system of par- be explicit, consider a system of n 
ticles. particles of masses m,, m, ...,m, 


distributed in a plane, and let J;, be 
the moment of inertia tensor of the system with respect to a system of 
rectangular coordinates x,, x, with origin O (see Fig. 3.1). Being two- 
dimensional, the tensor J,, has only four components. Its matrix is of the 
form 





Ih I 


EAR) = 
In I. 


> 
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where 


In = 2 m x2"), 
j=l 


"n 
In = 2 mi^ y, 


fy = Iy = — Ymyxix 
j=l 
If the vector A lies along a principal axis of the tensor J,,, then its com- 
ponents must satisfy the homogeneous system 


IA + hida = AAi» 
IA + IA, = MA; 


(n 
2 . 


(3.12) 


or 
(Ii = i), + li2åz = 0, 


I4, + (Ia — A)A,= 0 


(cf. (3.11)]. The system (3.13) has a nontrivial (i.e., nonzero) solution if and 
only if 


(3.13) 


In —À I 
I toe —À 


=0 








or 
X — My + ag) + Fite — Iia = 0. (3.14) 
Therefore (3.13) has a nontrivial solution if and only if A = A, or A = X, 


where 
py = inte 4 Jj +P, 


2 
he zx ha E Ij; - e “= + T 
are the roots of equation (3.14). 

If Fi = O, it follows from (3.12) that the original x, and x;-axes are the 
principal axes, since then A is not rotated by inner multiplication with Zx 
Thus suppose J, #0. Then A, Æ A, and there are two distinct principal 
axes, determined by vectors A"! and A‘). Using (3.13), we find that the 
directions of A") and A‘) have slopes 


(3.15) 
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where o, and o; are the angles between the x,-axis and the principal axes of 
the tensor /,,. Therefore 
2 à —1 11 


en Jone 2 tan 9, — I 


1 T. tan” Pı 1 Ls [^ XE 29] 
HT 


= 2I, zz I) 
Ii ES Or = in) i 


and similarly for tan p; with A, instead of A,. Substituting from (3.15) and 
carrying out some elementary calculations, we find that 


2 
tan 29, = tan 204 = fhe " 
Ia — In 
Hence 


T 
Q2 = Pi +7? 


i.e., the principal axes are perpendicular to each other. 
In the coordinate system determined by the principal axes, the tensor F; 
has components 
I n = A, 


Tan = Yay (3.16) 


, — 
12 77 


Rather than verify (3.16) by direct calculation, we need only write (3.12) in 
the principal axis (primed) system, obtaining 


AX AQ = RAU + DAS”, 

MAP = TiAl + PAD, 
and 

KAS” - LAY + AD 


AC” = I Al? + AY. 


which immediately give (3.16) since A?” #0, AW =O'and A — 0, 
AQ z Q. 

The principal axes of F, can be found more simply if it is known in advance 
that the principal axes are perpendicular and that 7;, vanishes in the prin- 
cipal axis system. Thus, introducing new rectangular coordinates x, and x;, 
we have 


, 
Ij; = Sterley 
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where all the cosines arp, a, can be expressed in terms of one parameter 
p, the angle between the new x-axis and the old x,-axis (see Fig. 3.1). In 
fact, 

ay, = COS g, &,. = Sin f, 


dy; = —sin g, dyg = COS Q, 
and therefore 
Ij; = Arty + rayo + Artoria + 0a oe 
= —I,, cos ọsin q + I4, cos? o + I4, sin? p + Iz cos o sin ọ 


= a sin 29 + {ız cos 29. 


Hence, to make F, vanish, we must set 


2l 


tan 29 = $ 
11 Iaa 


thereby uniquely determining the positions of the principal axes of the tensor 
Lx Moreover, the characteristic value 7,, is given by 


Ij = Oyler = In cos! 9 + D; sin 2€ + Ta sin’ 9 


1 + cos 29 1 — cos 29 


= fy + In 


+ Ihe sin 29 


P 2 
= fy T Is NI 2 =) + i. (= Aj, 


and similarly 
: hi; +! Ia — Iay 
Fin = tta las = B — / (E +B, (X 


Thus the moment of inertia tensor in the principal axis system is 


, 
Iu 


Mal = 














I5 


3.5.3. The three-dimensional case. We now consider the problem of 
reducing a three-dimensional tensor 7;, to principal axes. According to 


114 TENSOR ALGEBRA CHAP. 3 
(3.11), the components A, of the vectors A determining the principal axes of 
T, satisfy the homogeneous system 


TA, — A, = (Ty — 1À94)A, = 0, 
or 
(Tia — AA, + TA; + Tis43 = 9, 


Tadı + (T4, — AJA + TogAy = 0, (3.17) 
Tadı + TA, + (Tas zs A)Aa =0, 


when written out in full. The system (3.17) has a nontrivial solution if and 
only if its determinant vanishes: 


Ty —À Ty, Tis 
Ta Ta — À Tas => 0. (3.18) 
Ty Ty, Tas — À 


The equation (3.18), called the characteristic equation of the tensor Tip, is 
clearly cubic in A. 


Remark. In the case of generalized coordinates, there are various ways 
of reducing a tensor to principal axes, depending on how the components are 
chosen. For example, choosing covariant components, we have 


T,,A* = AA, (3.19) 
instead of (3.11). Since A; = g,,A*, (3.19) implies 
(Tie — Ag) A* = O. (3.20) 


However, to bring (3.20) into a form resembling (3.17), we must use mixed 
components of the tensor. In fact, replacing the dummy index i by / in (3.20), 
multiplying by g" and summing over /, we obtain 

(T5 — Ag')A4* = 0 


[recall (2.53)]. This gives the following characteristic equation for deter- 
mining the eigenvalues of the tensor: 


T! — À T, T^ 
T?  T—» TÅ |=9 (3.21) 
TA Tj  T$—2 


Henceforth we shall assume that T, is a symmetric Cartesian tensor, i.e., 
a tensor written in rectangular components whose components satisfy the 
condition Ti = T,,. In this case, the roots of the characteristic equation 
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(3.18) are all real. To see this, let A be any root of (3.18) and let A, be the 
corresponding eigenvector, so that 


TA, = AA v 


Multiplying this identity by £, (the overbar denotes the complex conjugate) 
and summing over i, we obtain 


T4 A,ÁÀ, = AAA, (3.22) 
The left-hand side of (3.22) is real. In fact, since Tig = Tyi 
T,A,À, = KTuA M, + TAA) 
= (TAA + Tue 
= MT, + AA), 


where the last expression is the product of two real numbers (7,, is real by 
hypothesis and 4,4, + 4,A, is real by inspection). But 4,4, is obviously 
real, and hence (3.22) implies that A itself is real. 

Suppose now that the eigenvalues A,, Az, Ag are all distinct (the case of 
multiple eigenvalues will be treated later). Then each eigenvalue à, is 
characterized by a set of numbers A(?, Ai’), Ai"! (the components of the 
eigenvector Af") determined to within a constant factor by the system of 
equations 

(T4 — 95) A; = 
For example, 
(Th — X) A?" + T,,4;" F Tis A5" =0, 
Tandi? + (Ta — X)AZ. + Thos" = 0, 
T3 Aj d T Tag? + (Tas uE X) A! = O0, 
which implies 
AQ AW AQ 


Ta. Ta | | Ta Ta le | (3.23) 
Toe Ta — ry Tyg — Ta Ta Tsz 


The relations (3.23) uniquely determine the direction (but not the magnitude) 
of the vector A“, i.e., the direction of one of the principal axes of the tensor 
T4. The other two principal directions are determined by the vectors A‘*) 
and A), 

It is easy to see that the principal axes of the tensor 7,, are perpendicular. 
In fact, let A! and A' be the eigenvectors corresponding to the eigenvalues 
^, and A, (r Æ s), respectively, so that 


Ty Ay’ = AAP, (3.24) 
T, AU = At. (3.25) 
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Multiplying (3.24) by A!” and (3.25) by A‘, summing over i and sub- 
tracting the second equation from the first, we obtain 
Ty Aj AP! — TAP AP = (A, — APA, 
Since 7,, = T, it follows that 
0- QA, ES A)AV AP), 
and hence 
Afr! AC = A. AC! —0 

since A, Æ A, (the eigenvalues are distinct, by hypothesis). In other words, 
A‘ is perpendicular to A“, as asserted. 

There is another way of proving the existence of three perpendicular 
principal axes which works even when the characteristic equation (3.18) has 


multiple roots. Let 4, be a root of (3.18) and let À'!) be the corresponding 
eigenvector describing a principal axis of the tensor 7,,, so that 


Tp AP = NAP. 


Let M be the plane through the initial point of A") perpendicular to A"), 
Then T, carries every vector in M into another vector in M. In fact, let 
P be a vector in M, so that 


P. A" = PA” = 0. 
Then 
Tu APP, = X APP, = 0, 
i.e., the vector Q with components Q, = T,,P, is perpendicular to A“) 
(since Q,A;!) = 0) and hence lies in the plane M (see Fig. 3.2). 





x 
7 


Fic. 3.2. Illustrating the three principal axes of a symmetric tensor. The 
existence of such axes does not depend on the multiplicity of the roots of 
the characteristic equation. 
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Now consider a system of rectangular coordinates xf, xf, x? such that 
the x$-axis lies along A'U, while the other two axes lie in the plane M, as in 
Fig. 3.2. In this coordinate system, a vector À in the plane M has com- 
ponents Ay, A47, 0, and the effect of the tensor on A is described by a matrix 
of the form 


Ti Ti, 0 
Tal =| Th TA 0 (Tie = Ta). 
0 0 1 


Suppose we look for vectors A in the plane M which are not rotated by 7;,, 
but only have their lengths changed. Then we get rwo equations 


TSA, =A? (i = 12) 


(the third equation 72,47? = Af reduces to the trivial identity 0 = 0), and a 
corresponding characteristic equation 


Ti -2 Th 


L0 
Ty Ta» 








which is quadratic instead of cubic in X. Let A, be a root of this equation, 
and let A'?) be the corresponding vector, so that 


TRAD” = MAP” 


Then A’) determines a second principal axis of the tensor. Moreover, 
A") is perpendicular to A"), since it lies in the plane M. 

Finally, let A® be a vector perpendicular to both A‘ and A'?, Then the 
vector with components 7% 4'?* is perpendicular to A‘ (since it lies in the 
plane M) and also perpendicular to A‘? (since the orthogonality of A‘) 
and A9? implies 7740)*4(2?* = 1,412*4139* = 0). Therefore the vector 
with components T;:4!?* is collinear with A, i.e., 


Ta E AO 
for some constant A). But then 
TP AD = MA” 


since 7% = T£, i.e., A'? determines a principal axis of our tensor. Thus, 
since it was nowhere stipulated that the numbers A,, Az, Ag be distinct, we have 
finally proved that a symmetric tensor has three perpendicular principal 
axes regardless of the multiplicity of the roots of the characteristic equation 
(3.18). 

Suppose the tensor T; is originally written in a system of rectangular 
coordinates x,, x, xy. Then the principal axes of T,, determine a new system 
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of rectangular coordinates x;, x,, x, with a corresponding orthonormal basis 


: AC 
"AU; (r= 1, 2,3) 


(see Fig. 3.3). In the old coordinates we have 


Tani! mm Any” (i, r= I, 2, 3), 


where n{" is the ith component of nt”, 
Similarly 


Tung, = Xn" — (i, r = 1, 2,3) (326) 


in the new coordinates. Since n = 
ni” = n = 1 and nl” = Q if iz r, the 
nine equations (3.26) reduce to 


Ty = 1, Tia = 0, Tis = 0, 





Fic. 3.3. The principal axes of a Tn =0, Ta=1, Ta =0, 


symmetric tensor. ; : 
y Ta = 0, Tis = 0, Tas = I. 
Therefore in the principal axis system our tensor has a diagonal matrix of 
the form 
4,0 0 
[Till =] 9 X OF, 
0 0 A 


with the eigenvalues of the tensor (the roots A,, Ag, A, of its characteristic 
equation) along the main diagonal and zeros everywhere off the main 


diagonal. 


3.5.4. The tensor ellipsoid. Suppose the tensor 7,, carries a vector P 


into a vector Q, so that 
Qi = TP. (3.27) 


In the principal axis (primed) system, (3.27) becomes 
Qi = TP, 


or 
Qi = TiPi g A Pis 


Q; = T;P, = MPa (3.28) 
Qa = T3Ps = XP; 


when written out in full. If the eigenvalues A,, Ag, Ag are all distinct, then T's 
has three unique principal directions (those determined by X,, Az, As). In 
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fact, it follows from (3.28) that the effect of applying Ti to P is to rotate P 
as well as change its length unless P lies along one of the principal axes. 

Next suppose A, = A, Æ Ag, so that the characteristic equation has one 
simple root and one double root. Then (3.28) implies 


Qi = AP i 
Q; = APs, 
Qs = MPa 


and hence the effect of applying Tix to any vector P in the x,x,-plane is 
merely to change the length of P but not to rotate P. In other words, the 
whole x,x,-plane is a characteristic plane in the sense that every direction in 
this plane is a principal direction. Thus if one principal direction has been 
determined (corresponding to the eigenvalue >, say) and if the other two 
eigenvalues coincide, then any two directions perpendicular to each other 
and to the first direction can serve as principal axes of the tensor. 

Finally, suppose the characteristic equation has a triple root A, = A, = 
Ag = A. Then (3.28) becomes 


Qi = AP, 
Q; = AP2, 
Qs = APs, 


i.e., the effect of applying T; to any vector at all is now to change its length 
(if à Æ 1) without rotating it. In other words, in this case every direction is a 
principal direction of the tensor 7,,, which is said to be isotropic (as in Prob. 
4, p. 96). 
There is a one-to-one correspondence between vectors À and planes of the 
form 
A:r— Axi =l. 


In the same way, there is a one-to-one correspondence between symmetric 
tensors T,, and quadric surfaces of the form 
Tx = l (3.29) 


(recall Example 2, p. 64).! The principal axes of this surface are clearly 
the same as the principal axes of the tensor T;,. In the coordinates x,, x;, x, 
corresponding to the principal axes, equation (3.29) takes the form 


nD? + Ts 63) + Tax) = XG1) + Alxa)? + MG = 1 


1 The correspondence is no longer one-to-one if T,, is not symmetric. In fact, let Ty? 
and TP be two tensors with the same symmetric part S,, but with different antisymmetric 
parts Afi’ and A‘?' (see p. 107). Then Tit! and T? have the same quadric surface, since 

Ti xíxk = Saxat + A vx = Sat = 1, 


Ti xt = Sarit + A gtk = Suxtx* = I 


CHAP. 3 
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If Ay, Ag, Ag are all positive (the case of greatest practical importance), the 
surface (3.29) is an ellipsoid, called the rensor ellipsoid, with semiaxes of 
length 
Sl. c. uda uit 
JA JA As 
The tensor ellipsoid is an ellipsoid of revolution if A, = A, and a sphere if 
Ay = Ag = Ag (See Fig. 3.4). 


or 





{a} (b) 
Fic. 3.4. Illustrating the tensor ellipsoid of a symmetric tensor T,,. The 


principal axes of the ellipsoid coincide with those of the tensor. 
(a) The case of distinct eigenvalues 4,, A2, As: the tensor has a matrix 


A, 0 0 
0 » 0 
0 0 As 


of the form 


Il Tull = 


in principal axes; 
(o) The case of a double eigenvalue (A, = X, Æ à): the tensor has 


a matrix of the form X 0 0 


71 -|9 X 9 
0 0 i, 
in principal axes; 
(c) The case of a triple eigenvalue (A, = A, = As = A): the tensor is 


isotropic and has a matrix of the form 
100 


Tuell = 3 01 0 
|o o 1 


in any rectangular coordinate system. 
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3.6. Invariants of a Tensor 


Given a vector A, let Æ, be the components of A in one rectangular 
coordinate system K and let A; be its components in another rectangular 
coordinate system K'. Although the components of A change in going from 
K to K', we can easily form an expression which does not change under this 
transformation, namely the square of the length of A: 


AA, = (A) + (A9 + (A3) = (Ai)? (A9? + (Aa)? = A,A; 
An expression like 4,4; which does not change under transformations from 
one coordinate system to another is called an invariant of the vector A. It is 
easy to see that tensors of any order also have invariants. 


For example, given a second-order tensor T,,, consider the characteristic 
equation 




















Ti =A Ty Tis 
Ta T 22 — À Taa = 0, 
Ts, Ta Taa —À 
or 
A3 — ATi + Toe + TS) 
-— E E Ty Te Ty 
3 ( 54 - x i A i ) u Ta T», T. E 0 
22 33 12 22 13 33 
Ta Taz Taa 
(3.30) 


after expanding the determinant. The numbers A, A?, à3, being scalars (think 
of their geometric meaning!), are independent of the choice of the coordinate 
system, and hence so are the coefficients in (3.30). Therefore the quantities 


I, = Thy T T, EM Tas, 

















n= | To Tg Ta Ta Ty, Ty (331) 
Ta Ta Ta Ta Tis Tg 
Ti Ti Tig 

lh =|Ta Ta Tay 
Ta ITa Tg 


are all invariants of the tensor 7,,. Using (3.31), we can form infinitely 
many other invariants, e.g. 
= (Gy, 


15*— 21 zT. 
and so on. : P nos 
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Tensors for which the invariant /, vanishes are called deviators. Any 
tensor 7,, can be written as the sum of a deviator and an isotropic tensor. 
In fact, 

Tx = T,— 47S + 3T, = D. biT 


where 13,,7,, is clearly isotropic and D, is a deviator since 
Dj = Di + Dow» + Dy, = Ta — iT,:3-20. 


3.6.1. A test for tensor character. Suppose T, (i, k = 1,2, 3) is such 
that the quantity 
T, A,B, 


1 
is the same for all choices of the vectors A and B with components 4; and 
B,. Then T,, is a second-order tensor. In fact, introducing a new (primed) 
coordinate system, we have 
T4A;B, = Ti, AB, = T, ay, ALB, 
or 
But then 
Tj, — aes Ti, = O 
since A and B are arbitrary, i.e., 7, is a second-order tensor, as asserted. As 
an exercise, the reader should state and prove the analogous criterion for 
T, ,, to be a tensor of order n. 


162-6 


3.7. Pseudotensors 


In Sec. 1.4.2 we distinguished between polar vectors whose direction is 
independent of the handedness of any underlying rectangular coordinate 
system K and axial vectors whose direction reverses if the handedness of K 
is changed. Correspondingly, it will be recalled from Sec. 3.4.2 that the 
transformation law of an axial vector differs from that of a polar vector by 
the presence of a minus sign in the case where the transformation changes 
the handedness of the underlying coordinate system. We now discuss a class 
of mathematical objects called pseudotensors, which generalize axial vectors 
in the same way that ordinary tensors generalize polar vectors. 


3.7.1. Proper and improper transformations. According to Prob. 1, p. 38, 
an orthogonal transformation, i.e., the transformation from one rectangular 
coordinate system to another is described by the formulas 

Xi —aQ,X,- Xo (direct transformation), 
X, = G44X, + Xo, (inverse transformation), 
arnari = Ds 


: (orthogonality conditions), 
Hye = Àir 5 
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where the old and new systems need not have the same handedness. The 
determinant of such a transformation, i.e., the quantity 


Ari Xy. Arg 
det lal] = A= Go, y. Fog (3.32) 
Gay Agee Ayy 


can only take one of the two values —1, +1. In fact, it follows from the 
orthogonality conditions and the law for multiplication of determinants? 
that 


3 
det 8l] = det (eran) = det a,ll - det hayi 
le 


= (det a;l} = A’. 


But 
100 
det 8,1 —|g 1 of =! 
0 0 i 
and hence 


A*—]1 or = 4l. 


We can now divide all orthogonal transformations into two classes: 
proper transformations for which A = +1 and improper transformations 
for which A = —1. Suppose a given orthogonal transformation carries the 
old system K into a new system K'. Then K' has the same handedness as K 
if the transformation is proper and different handedness if the transformation 
is improper. In fact, let K and K’ have orthonormal bases i,, i,, l, and 
i,, ij i, respectively. Then a little algebra shows that 


(lj x ij) - ij = ay appui, X b) i, = (i X ia) + 5A, (3.33) 


where the vector products are both taken in some underlying right-handed 
coordinate system. But it will be recalled from p. 21 that a basis ij, i,, ig 
is said to be right-handed if (i, x i,) à, > O and left-handed if (i, x ij) - i; < 0, 
and similarly for ij, i, ij. It follows from (3.33) that the bases i, iz is 
and ij, i,, i, have the same handedness if and only if A = +1 and different 
handedness if and only if A = — 1. 


Example 1. The transformation 
Xi S= Xa X= —X, Xg = Xp 


! See e.g., G. E. Shilov, An Introduction to the Theory of Linear Spaces (translated by 
R. A. Silverman), Prentice-Hall, Inc., Englewood Cliffs, N. J. (1961), p. 81. 
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fy, ta Ty, 43 


do ^ 


(a) (b) 


Fic. 3.5. Illustrating proper and improper orthogonal transformations. 


corresponding to rotation through 90° about the x,-axis [see Fig. 3.5(a)], 
is a proper transformation. 


Example 2. The transformation 
XQ = —Xp X= Xp XQ = Xy 


corresponding to reflection in the x;xs-plane [see Fig. 3.5(b)], is an improper 
transformation. 


3.7.2. Definition of a pseudotensor. By a pseudotensor of order n is 
meant a quantity specified by 3" real numbers (the components of the pseudo- 
tensor) which transform under changes of coordinate system according to the 


law 
Aini.. - ig 77 X, Ga ka dE 8 ke Akika t.t "Y (3.34) 


iyki 


where A, kz.. .tn’ ae are the components of the pseudotensor in the old 
and new coordinate systems K and K’ , respectively, a. ua, 15 the cosine of the 
ES between the /,st axis of K’ and the k,st axis of K (similarly fora o 

vx,» and A is the determinant (3.32). The transformation law 'Q. 32) 
diers from the law (2.30) for an ordinary tensor only by the presence of the 
factor A. Thus pseudotensors behave the same way as ordinary tensors 
under proper transformations, but the transformation laws differ in sign 
if the transformations are improper. 


The following algebraic properties of pseudotensors are easily verified: 


1) The sum of two pseudotensors of order n is a pseudotensor of order n; 

2) The product of two pseudotensors of orders m and n is an ordinary 
tensor of order m + n; 

3) The product of a pseudotensor of order m and a tensor of order n is a 
Pseudotensor of order m + n; 

4) Contraction of a pseudotensor gives a pseudotensor of lower order. 
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Example. Let C = A x B be the vector product of two vectors A and 
B. Then 
C; = A;B; = A,B; (3.35) 


in some rectangular coordinate system K, where i, j, k is a cyclic permutation 
of the numbers 1, 2, 3 [recall formula (1.23)). In another rectangular co- 
ordinate system K’, we have 


A; = ,1À,, B, = opm Bs 
and hence 


C, = Fy itp mA Bry — 2, ap ALB, 
= (aye — Xp) AD, 


where the sum is over all values of / and m (the terms with / = m vanish). 
We can also write C, in the form 


Cj = (a, — xj mee AB, — A&By), (3.36) 
where the indices / and m are now restricted to the values 1,2 or 2,3 or 3,1. 
But according to (3.8), 
yep hem — Ly mee = hyn 


where j, k, i and /, m, n are both cyclic permutations of 1, 2, 3, and we choose 
the plus sign if K and K’ have the same handedness and the minus sign if K 
and K' have different handedness. 1n other words, 


yes — Geta] en, (3.37) 


where A is the determinant of the transformation from K to K'. It follows 
from (3.35)-(3.37) that 


C; =a,,C,A, 


i.e., that C is a pseudovector. Note that the concepts of a pseudovector and 
an axial vector are equivalent (why?). 


3.7.3. The pseudotensor c,,,. Given a rectangular coordinate system K 
with orthonormal basis i), ig, ig, let 


Ese = (i; X ip) - lj. 
Then 
+1 ifj, k, is a cyclic permutation of 1, 2, 3, 
£4; = (—1 if j,k, lis a cyclic permutation of 2, 1, 3, — (3.38) 
0 otherwise, 
so that the only nonzero components of ¢,,, are 
Eiza = £231 = Egi» = l, 


Ego = €g21 = Ezis = — l. 
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The quantity ¢,,, is a pseudotensor of order 3 (called the unit pseudotensor). 
To see this, we first note that 
5; = (i; x i) ij, 
where i, i, i, is the orthonormal basis of a new rectangular coordinate 
system K'. Therefore 
Eiki = Gies Rps (d, X in) + iy, 

where the vector products are both taken in the system XK’. But the vector 
product in K' is the same as that in K if K and K' have the same handedness 


and the negative of that in K if K and K' have different handedness. 1t follows 


that 2 
Ejk = Gg en RE mp, 


where A is the determinant of the transformation from K to K', i.e., €x is 
a pseudotensor of order 3, as asserted. Note that (3.38) remains true if 
£j, is replaced by e,,,, i.e., &j,; has the same components in every rectangular 
coordinate system. 


Example 1. The formula 
C; = Ej 1 A,B,. 


gives the components of the vector product C — A x B. In fact, 
Cy = &y AB, = €12940B5 + 813245; 


=> AB, = A,B, 
and so on. 


Example 2. Let ọ be a scalar, T,, a second-order tensor and 7;,, a third- 
order tensor. Then the quantities 


EPs Ejro Ei ji 


are a pseudotensor of order 3, a pseudovector and a pseudoscalar, respectively 
(verify this assertion). 


SOLVED PROBLEMS 


Problem 1. Let 


Qw Ov, 
= — —— 3.39 
mk Ox, Ox, oe) 
be the rate of deformation tensor in a viscous fluid [cf. (2.22)], with deviator 
0 I (e "d ] ( sei) 
vy = [2 + — - v8, = — j, 3.40 
k= Ox, x, g "4 Vi ax, ( ) 


and let 
Py = 2v, + 00,8: 
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be the viscous stress tensor, where u and 5 are constants [cf. (2.61)), Calcu- 
late the quantity 


Qu, 
Dz D, Tm 
Han 


called the dissipation function of the viscous fluid. 


Solution. We have 


Ou 1 Qv, Qu, 
D-2f. a = -i j, — pi 3 
Pix ax, (Aa 3 + Bu x 
“1, Ou, 5 Oy 
= ( ik d + Pri 2) 


and hence, since Pix = fy, 
D = Pita 


But, according to (3.39) and (3.40), 


Vik = Un. + 40,,8,. 


Therefore 
D = fva = Dat + Bad die 
= 20h + Condit + Abide 
and hence 
: D = PA + Con)’, 
since 


i Up. = Vii =0, 


Pii = Duv; + Goudi = Ipa. 


Problem 2. Prove that any axis of symmetry of a system of n particles 
is a principal axis of the moment of inertia tensor with respect to any point 
of the axis. 


Solution. Let K be a system of rectangular coordinates x,, X}, Xa with 
the x,-axis as an axis of symmetry of the system. Then for every particle of 
mass m, with coordinates x, x(^?, x!), there is a particle with the same mass 
m, — m, and coordinates 


(x 


po QU (k) m tk) (4) 
Xp =X, X = — X, X3 = — Xy. 
Hence 
< (9) u da < 00 V 
"E Ny) i 
I, — > mxi Xz ——5 n Y m;,xi X» = >, TAX) Xa 
j=l jal kaln/2)+1 


(3.41) 


Spe My E (Ma bf 
= Y mxx + Y m,x;"x,” = 0, 
jal je 
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and similarly f, = 0. Therefore the moment of inertia tensor Z, in the 
system K is 


Mal = 0 Ig; Ig, , (3.42) 
O [Ig Lys 


i.e., the x,-axis is a principal axis of the tensor. 


Problem 3. Prove that any axis / perpendicular to a plane of symmetry 
P of a system of n particles is a principal axis of the moment of inertia tensor 
with respect to the point of intersection of / and P. 


Solution. Let K be a system of rectangular coordinates x,, Xa, Xa such 
that / is the x,-axis and P is the x,x,-plane. Then the origin of K is the point 
of intersection of / and P. Since the x,x4-plane is a plane of symmetry of the 
system, for every particle of mass m, with coordinates x!) xf), x&!, there is a 
particle with the same mass m, = m, and coordinates 


w Go (Un (ke) Q0 
Xp = —X,j, XQ — Xe, X3 — X3. 


Therefore we again have 7,, = 0, just as in (3.41), and similarly 7,4 = 0. 
Hence the moment of inertia tensor /,, in the system K is again given by 


(3.42), i.e., the x,-axis is a principal axis of the tensor, as before. Suppose 
the system K is rotated through the angle 


21 
p = $ arc tan ——ÀàÀ— 
2 Tyg 
about the x,-axis (cf. p. 113). Then in the new system K', whose x,-axis 
coincides with the x,-axis, we have 


u 0 0 
w= In OF, 
0 0 Igy 


i.e., K’ is the principal axis system. 


Problem 4. Let I,, be the moment of inertia tensor of a system of n 
particles of masses m, Ma ..., m, with respect to the center of mass of the 
system of particles, and let K be the principal axis system of J,,. Suppose K 
is given a parallel displacement along any of its coordinate axes. Prove that 
the resulting coordinate system XK’ is still a principal axis system of the 
moment of inertia tensor. 


Solution. Since the origin of K is at the center of mass, we have 


n n n 
Ymas)2YmpaxmYm,i!-o. (3.43) 
j=l j=l j=1 
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Moreover 
ls = la = I3 = 0, (3.44) 


since the axes of the system K are principal directions of 74. Suppose K is 
given a parallel displacement along the x-axis moving its origin to the point 
X, = a, X; = 0, x, = 0. Then 


Tan = —YXm,x"xp" GA) (3.45) 
jml 


in the resulting system K’, where 


6r O) 


X1 = Xi — a, 

Gr 
x?" = x3", (3.46) 
xU" — xin. 


But substituting (3.46) into (3.45), and taking account of (3.43) and (3.44), 
we find that F, = 0 (i Æ k), i.e., K’ is still a principal axis system of the 
moment of inertia tensor. The same is true if K is shifted along the x, or 
Xg-axis instead. 


Problem 5. Let T, be a second-order symmetric Cartesian tensor, with 


positive eigenvalues, and let 
TX Xp (3.47) 


be the associated tensor ellipsoid (see p. 120). What is the geometric meaning 
of the invariants (3.31) in terms of this surface? 


Solution. Let a, b, c be the semiaxes of the ellipsoid (3.47), regardless of 
its orientation relative to the system with rectangular coordinates x,, X2, xs, 
and let à, b, č be the half-lengths of the segments cut off from the coordinate 
axes by the ellipsoid. Setting x, = x, = 0, we have 





x, = 4, Tag? = 1, 
and hence 
j= 1 
E VT 
Similarly 
1 1 
b-——, ¢=-—=, 
J Tn J Tis 
and hence 
{,=T,, + T, T. ae i 
r= Fy > fa + oat m'a 
1 1 , , , 
=- tzat Tu + Tet Ti 
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where Ti» T,,, Ta are the components of T;, in the principal axis system. 
Thus the sum of reciprocals of the squares of the half-lengths of the segments 
cut off by the tensor ellipsoid from a rectangular trihedron centered at the 
origin is independent of the orientation of the trihedron and equals the first 
invariant 7, of the tensor determining the ellipsoid. 

The equation of the elliptical cross section of the ellipsoid (3.47) cut off 


by the plane x, = 0 is 
Taxi + 2Txyxs + Tox = 1. 


The principal semiaxes of this ellipse are uv ly and uv um where u, and ug 
are the roots of the equation 


T, `H Ty 
Tiz Tz — H 


=0, 








so that 
kite = Ti Tz — Th. 


Correspondingly, the area of the elliptical cross section is 


m om 
Vins 


Let A, and A, denote the areas of the cross sections cut off by the planes 
X; = O and x, = 0. Then the invariant Z, equals 


As 


1 1 1 
I; = ipa + Hila + Hopa = "(5 + a xs x) 


1 , 1 l 
= zp qu gg t Ah E Ad 


where Aj, Ag, Ag are the roots of the equation 


Ty, —2 Tiz Tia 
Tiz Ta — À Tzs =0 
Tis Ta Ta TS À 


Thus the sum of the reciprocals of the squares of the areas of the ellipses 
cut off by three perpendicular planes intersecting at the center of the ellipsoid 
is independent of the orientation of the planes and equals l/r? times the 
second invariant 7, of the tensor determining the ellipsoid. 

Finally we note that the volume of the tensor ellipsoid equals 


V = S he 
3 
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But /, has the form 


l 
= 0 0 
a? 
1 1 
pen ur = aaaes 
l 
0 0 a 
in principal axes, and hence 
4r 1 


Thus the invariance of J, merely expresses the fact that the volume of the 
tensor ellipsoid is the same in all coordinate systems. 


Problem 6. Represent the symmetric second-order covariant tensor T; 
in terms of the orthonormal basis e}, e;, e, of its principal axis system. 


Solution. Let e, have covariant components €a; and contravariant com- 
ponents e}. It follows from (3.20) that 


(To rx rabies =0 (i = L, 2, 3), (3.48) 
where A, is the eigenvalue corresponding to e,. Multiplying (3.48) by e,, 
and summing over a, we obtain 
3 3 
Tx 2 estu = 2 Basta 
a= a= 
Therefore finally 


a 
Th = 2 usta 


after using formula (2.66). 


EXERCISES 
1, Form scalars by contracting the tensors with matrices 
1 0 5 5.01 353 
0 6 3|, 3 6 3|, 4 4 4 
2-4 3 454 326 
2. Given that 
102 
Zal =| 3 4 1], Ai 2h + Sig. 
13 4 


find the inner products T4; and 75,4;. 
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3. Let Tix and A be the same as in the preceding problem, and let 
B = 4i, + 5i, T 6i. 
Find the inner product 7,,4,B,. 


4. Prove that if S,, is a symmetric tensor and A,, an antisymmetric tensor, then 
Sx Aix = 0. 


5. Given that 
123 


l Tix tt = 4 5 6 , C = h + 2i; + Jig, 
78 9 


find the symmetric part $,, and antisymmetric part 4;, of the tensor Tix- 
Calculate 


a) Tine, TC, Ti Ci C. 

b) AirTirs AS, Ai C, Ain Cin: 

C) T49;,, Aiddir Sidra 

d) Tj, — Ta (Tie — dbiu) Ci (Tie — $94 TIC, Cy. 
6. Find the invariants of the tensors in Exercises | and 5. 


7. Find the characteristic vectors and principal directions of the following 
tensors: 


100 1 2 0 00 1 412 
0 2 3j, 2 2 Oil, 0 2 1j. 150 
034 0.0 3 | l I 200 


8. Prove the following formulas expressing the invariants (3.30) in terms of the 
eigenvalues ^, Ag, Ag: 
Hh = Ai T Ao T Ags 


Tn = 43$ + AQAg + A3, 
Ty = dady 
Hint. The characteristic equation can be written as 
(% — 390. — AOA — X) = 0. 


9. Prove that in generalized coordinates the analogues of the invariants (3.31) 
are given by 


h Z T 
h = MG; - TPT, 
Is = det |T;*\. 


10. Prove that the roots of the characteristic equation (3.21) are all real if the 
covariant tensor 7,, is symmetric. 
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11. Show that if 2,, àz, Ag are the characteristic values of a symmetric tensor 
Tix, then 


3 3 3 
$a gTa D THT, DN = THT iQ 
t=] 


i=l i=1 
12. Prove that the analogue of the deviator 
Dix = Ti, — AT Six 
in generalized coordinates has components 
Dix = Ta — $7; asks 
Dik = Tk — Tig", 
D* = T;* — Tig; 
Comment. Note that D;* = 0. 
13. Suppose Tx, T* and 7;* are such that the quantities 
T4A'B*, T*A,B,, T;*A‘B, 
are the same for all choices of the vectors A and B. Prove that T;,, T* and 


T;* are the covariant, contravariant and mixed components, respectively, of a 
second-order tensor. 


14. Show that if 7',,A*B'C; is a scalar for arbitrary vectors A, B and C, then 
T$, is a mixed third-order tensor of the indicated structure. 


15. Suppose A;n dx* dx* dx! = 0 for arbitrary differentials dx‘, dx* and dx'. 
Prove that 
Aiz + Aa + Anz + ago + Agar + Aas = 9. 


l eu; Ou, 
lg er Ox; 
be the linear part of the deformation tensor in an elastic medium (cf. p. 72) 
with deviator 


16. Let 


o — 5 E Ou, 
ai, = Uik — juu ik ay = ax; ’ 


and let 
Pik = 22u%, + Kad), 


be the stress tensor, where 4 and K are constants. Calculate the quantity 
F= lp 
called the free energy of the elastic medium. 


17? Outline a theory of m-dimensional vectors, tensors and pseudotensors. 
Discuss the notions of linear dependence and linear independence, bases, 
coordinates, components, transformation laws, etc. in m dimensions. 


* See e.g., G. E. Shilov, op. cit., Sec. 39. 
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VECTOR AND TENSOR 
ANALYSIS: RUDIMENTS 


We now make a systematic study of the differential and integral calculus 
of vector and tensor functions of space and time, a subject known as vector 
and tensor analysis. 


4.1. The Field Concept 


4.1.1. Tensor functions of a scalar argument. By a tensor function of a 
scalar argument we mean a rule assigning a unique value of a tensor 4,,,. ,. 
to each admissible value of a scalar t (usually, but not necessarily, the time). 
To indicate such a function, we simply write 


Asus = Ans au D. (4.1) 


For example, suppose the state of stress of an elastic medium varies in time. 
Then the stress tensor p,, defined in Sec. 2.4.1 becomes a function of time: 


Pa = pat). 


By the derivative of the function (4.1) with respect to £ we mean the tensor 
with components 


dA.. T" At) — Ani 
akin __ lim Aii. (E AM) — Anu au) : (4.2) 
di At^0 At 


calculated in a coordinate system which does not vary in time. The derivative 
(4.2) is clearly of the same order as the tensor (4.1) itself. 
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4.1.2. Tensor fields. By a tensor field we mean a rule assigning a unique 
value of a tensor to each point of a certain volume V (V may be all of space). 
Let r be the radius vector of a variable point of V with respect to the origin 
of some coordinate system. Then a tensor field is indicated by writing 


Aj ts... in = Aui... i (T) (4.3) 
if the tensor is of order n. The scalar field 


9 = 9(r) 
and vector field 
A= A(r) 


are the special cases of (4.3) corresponding to n = 0 and n = 1, respectively. 


Example 1. The state of the atmosphere is described by scalar fields 
like the pressure p = p(r), the temperature T = T(r), the density p = p(r), 
and by vector fields like the wind velocity v = v(r) and the wind acceleration 
a = a(r). 

Example 2. The state of stress of an elastic medium is described by a 
tensor field p, = p,,{r). 


We shall also consider fields, called nonstationary fields, which are 
functions of both space and time, i.e., of both the vector r and the scalar t: 


9 = e(r, t), A= A(T, t), Pik = Palt, t), s xus (4.4) 


These fields can be regarded as functions of a four-dimensional vector with 
components x;, Xz, X3, t varying over a region in “space-time.” 

A tensor field is said to be homogeneous if it has no spatial dependence. 
In this case, (4.4) reduces to 


9—9()) A=A(t), pa = Pilt)... 
The tensor fields A, — A 


iriz.. in 


always be continuous, i.e., such that 


lim (Ai... (T + Ar) — Ai. iur) = 0. 


larl ^ 


(r) considered in this book will 


iiia... in 


Remark. The algebraic operations considered in Chap. 3 apply equally 
well to tensor fields, provided the operations involve tensors associated with 
the same point of space. For example, the sum of two tensor fields of the 
same order n (and the same physical dimensions) is a new tensors field of 
order n. 


4.1.3. Line integrals. Circulation. Let M,M; by any curve in a vector 
field A = A(r), as in Fig. 4.1. Suppose we subdivide M,M; by introducing 
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Fic. 4.1. Mlustrating line integrals and circulation of a vector field. 


n — | points of subdivision Fo, ri, Fo, . . . , Fa, where M, and M, have position 
vectors ry and r,, respectively. Consider the sum 


> A, * Ar,, 

t=] 
where Ar, = r, — r, , and A, is the value of the field A at any point of Ar, 
(we ignore the diference between Ar, and the arc of which it is the chord). 
The limit of this sum (provided it exists) as n — ao and the maximum 
length of the Ar, goes to zero is called the /ine integral of A along M Ms, 
denoted by 


Adr 


* Mi Ms 


lim Y A,-An = 


maxlar,1-0 j=1 
Āe 


lia A, dx, + Aa dx, + Ag dX}. 


Here the vector dr is directed along the tangent to the curve at every point, 
and its magnitude equals the element of arc length along the curve: 


ldr| = V (dey)? - (dx)? + (xa)? = ds. 


A case of particular interest is where the line integral is taken over a closed 
contour, like the contour Z in Fig. 4.1 (x is the unit tangent to L and dr = 
* ds). The integral 


T= $A-dr 


is then called the circulation of the vector A around the contour L. If A 
is a force field, then T is the work done by the force in moving a particle 
around L. 
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4.2. The Theorems of Gauss, Green and Stokes 


We now prove two key theorems of mathematical analysis. One, called 
Gauss’ theorem, expresses the value of a certain integral over a volume V 
bounded by a closed surface S in terms of a related integral over S. The 
other, called Stokes’ theorem, expresses the value of a certain integral over a 
surface S bounded by a closed contour L in terms of a related integral along 
L. As a prelude to proving Stokes' theorem, we shall also prove Green's 
theorem, to which Stokes' theorem reduces if S is a plane region. 


4.2.1. Gauss’ theorem. First we prove 
GAUSS' THEOREM. Given a volume V bounded by a closed surface S, 
suppose the functions 
P(xy Xs, X3), QC%, x» Xa) RO, xo; Xa) 

and their derivatives 

ap 30 aR 

ax,’ 
are continuous in V XO S.! Then 


(38. 39 ƏR 
I b» ü OX, m 2 dd 


Ox, : OX, 


(4.5) 
-JÍ [P cos (n, xi) + Q cos (n, x.) + R cos (n, x] dS, 
S 


where n is the unit exterior normal to S (see Fig. 4.2). 





Fic. 4.2. [lustrating Gauss’ theorem. The theorem is valid for volumes 
bounded by piecewise smooth surfaces of arbitrary shape. The volumes 
may contain “holes” (see V). 


! Given two sets A and B, A U B denotes the union of A and B, i.e., the set of all points 
belonging 1o A or to B (or to both). 
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Proof. Suppose no line parallel to the x,-axis intersects S in more 
than two points M' and M’, with unit exterior normals n(M") and 
n(M”) as shown in Fig. 4.2. Then, if S, is the projection of S onto the 
e we have 


js Jr. -dy- itd o. dn dS, = ff (P(M") Po P(M")) dS. 
J) 


But the element Ts of the projection S,, can be expressed in terms of 
the elements of the surface S at the points M’ and M”: 


dS, = dS(M") cos [n( M^), x] = —dS(M") cos [n( M^), x]. 
Therefore 


f Í f 2 dV =Í J P(M) cos [n(M), x,] dS(M), (4.6) 
y OX, A 
where M is a variable point of the surface S. The formulas 
fif 99 ay = f [0 cos (u, x») dS, (4.7) 
V Ox, s 
rr OR 
| Ifa. dV gl cos (a, x3) dS (4.8) 


are proved in the same way, provided no line parallel to the x, or xy- 
axis intersects S in more than two points. Adding (4.6), (4.7) and (4.8), 
we obtain (4.5). 


Remark 1. It is assumed that the surface S is two-sided, i.e., that S has a 
unique interior and exterior normal at each of its points. 


Remark 2. The requirement that no line parallel to the coordinate axes 
intersect S in more than two points is not essential and can be dropped. In 
fact, suppose the given volume does not satisfy this condition, but can be 
partitioned into a finite number of subvolumes which separately satisfy the 
condition, like the volume V, shown in Fig. 4.2. We then apply Gauss’ 
theorem to each subvolume and add the formulas so obtained. The left-hand 
side of the result is an integral over the whole volume Vo, while the right- 
hand side is an integral over the surface S, bounding V, since the integrals 
over adjacent faces of the subvolumes (S and S in the figure) cancel each 
other, being counted twice but with oppositely directed normals. The surface 
of the original volume (or of any of its subvolumes) can also have pieces 
parallel to the coordinates planes (why?). 


Remark 3. It is assumed above that the surface S bounding the volume V 
is smooth, so that the direction of the normal to S varies continuously from 





! This restriction will be removed in Remark 2 below. 
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point to point. Gauss' theorem continues to hold in the case where S is 
piecewise smooth, i.e., where S is made up of a finite number of smooth 
pieces (e.g., prisms, pyramids, cylinders with caps, etc.). In fact, we can 
always partition V into a finite number of subvolumes each of which is 
bounded by a smooth surface. We then apply Gauss' theorem to each sub- 
volume and add the resulting formulas, just as in Remark 2. Analytically, 
each smooth piece of a piecewise smooth surface has an equation of the 
[orm x3 = f(x, x) in a suitable coordinate system, where f is a function with 
continuous first partial derivatives. 


Remark 4, Gauss’ theorem continues to hold for volumes with “holes,” 
i.e., for volumes like V’ in Fig. 4.2 which are bounded by several closed 
surfaces (S', S", S"). It is only necessary to draw a surface inside V" inter- 
secting V’ in its “holes” (like the plane P in the figure) and then apply Gauss’ 
theorem to the neighboring “hole-free” volumes which result. 


Given a vector field A = A(r), let 
A, = P(X, Xs, xs), 
As = Q(x, Xs, Xa), 
As = R(xi, Xs, Xa) 


be the components of A in a system of rectangular coordinates xı, x», xs. 
Then Gauss' theorem takes the form 


QA 0A 0A, 
INS + ae ru LU 


(4.9) 
= (CA, cos (n, ži) + A, cos (n, x5) + A, cos (n, x4)] dS. 
S 
Bearing in mind that the components of the unit exterior normal n are 
n, = cos (n, xj), nm, = COs (N, x), ng = cos (n, Xa), 
we can write (4.9) as 
QA, , 04; , OAs 
oe e dV =||A-ads. 4.10 
J | J ( Ox, Ox, Ox 2 J j (a 


The integrand of the volume integral also has a vector interpretation, which 
will be given in Sec. 4.4.3. 


4.2.2. Green’s theorem. We now prove a result which is the specialization 
of Stokes’ theorem to the case of plane surfaces: 


GREEN’S THEOREM. Given a plane region S bounded by a closed contour 
L, suppose the functions 


P(X, x2), QGx,, x2) 
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and their derivatives 


ap o 
0x, Ox 
are continuous on S O L. Then 
't/0Q OP _ 
I tum zl dS — $ P dx, + Q dx,, (4.11) 


where L is traversed in the direction such that S appears to the left of an 
observer moving along L. 


Proof. Suppose no line parallel to the x, or x,-axis intersects Lin more 
than two points,? as in Fig. 4.3. Then 


To [[28 dS I dx, dx, 


T * qol) S Ox, 

chase. [sci or js 
8 a zapiz) Ox» 
where the meaning of a, b, q,(x) and 
P(x) is shown in the figure, and hence 





£5 = pin) ‘r ôP evo 

wl Ifa 4S = ['EPba, ex) 
Oo b Rm — Pix, e(x)l)dx, (4.12) 
Fic. 4.3. Illustrating Green's theo- E [PIs Pa(x1)] dxi 


rem. 


— [PPL $:()] dx. 


But the integrals on the right will be recognized as the line integrals of 
the function P(x,, x;)alongthe curves 48B and AaB, respectively. There- 
fore (4.12) becomes 


[s 5, oS = — fipa Pn 29 dx — J PCs x9 d, 


(4.13) 
= — $ P(x,, x) dx,. 
The formula ? 
[[29 dS = $ Q dx, (4.14) 
Ox L 


is proved in the same way. Subtracting (4.13) from (4.14), we obtain 
(4.11). 





? [t can be shown that this restriction is unnecessary, just like the analogous resiriction 
in the proof of Gauss' theorem (cf. Remark 2, p. 138). For the details, see R. C. Buck, 
Advanced Calculus, second edition, McGraw-Hill Book Co., Inc. (1965), p. 408. 
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4.2.3. Stokes’ theorem. We are now in a position to prove 


STOKES’ THEOREM. Given a surface S bounded by a closed contour L, 
suppose the functions 


P(x, X» X3), P(x, Xa, Xy), R(xi, Xo, Xa) 
and their derivatives 


aP P 3Q Q ƏR ƏR 
0x, Ox, Ox, Ox, Ox, Ox, 


are continuous on S U L. Then 


E-B eno -R re 


Xj 
oQ oP 


(4.15) 


where n is the unit exterior normal to S (see Fig. 4.4).4 Here L is traversed 
in the direction such that S appears to the left of an observer moving 
along L with the vector n at points near L pointing from the observer's 
feet to his head. 





4i 


Fic. 4.4. Illustrating Stokes’ theorem. The theorem is valid for piecewise- 
smooth surfaces, bounded either by one contour (like $) or by several 
contours (like $). The direction of traversing an elementary contour 
about any point of the surface is consistent with the direction of traversing 
the boundary and would cause a right-handed screw to advance along n. 





* [t is assumed that S is a two-sided surface, with one of its sides singled out by the 
choice of n. 
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Proof.’ Suppose no line parallel to the x-axis intersects S in more 
than one point, as in Fig. 4.4. Then the projection of S onto the x,x;- 
plane is a plane region d,a, and the projection of L onto the x,x,-plane is 
a closed contour / which is the boundary of o,,. Let / be traversed in the 
direction such that a, appears to the left of an observer moving along 7 
(a right-handed screw turned in this direction would advance along the 
positive xs-axis). This establishes a corresponding direction of traversing 
Land a corresponding direction of the exterior normal nto the surface S 
such that n makes an acute angle with the positive x,-axis. The relation 
between the elements of area on o,; and S is then 


da, = dS cos (n, xy), cos (n, x3) > 0. (4.16) 


We now use the fact that the contour L belongs to a surface whose 
equation can be written in the form x, = f(x,, X2) to replace the integral 
along L by an integral along /: 


$ Pos xa x) dis = $ Pss Xe foni xD dx. (417) 


Applying Green's theorem to the right-hand side of (4.17) and bearing in 
mind that x; appears in the expression for P both directly and via 
Xa = f(x), x9), we obtain 


$ Pls. Xo, f (3, X2)] dx, 


m ecc [ 9P[x,. Xo, f (X, x3)] OP[x,, Xo, f (X3, X»)] of 
EE f | | ax, T Fs 2 doy». 


Using (4.16) and returning to integrals over S and along L, we then have 
$, PO, Xa Xs) d, 


= -[ [75 Xo, X34) + OP(x), Xo, Xa) Of (xy. =| cos (n, Xa) dS. 
x OX, OX, X. 


(4.18) 


But, as is familiar from calculus, 
P 

+v +p +g 

cos (n, xX.) = A UAE. MESH, F (4.19) 
VI+ pP +g 

re — 

T/l phu gt 

x iff 
ex, 


* Another, less rigorous proof of Stokes’ theorem will be given in Sec. 5.2.2. 


cos (n, x;) = 


cos (n, x) = 


where 
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Therefore, choosing the bottom signs in (4.19) [since cos (n, xa) > 0], 
we have 


of 


— cos (n, x4) = — cos (n, x,). 
Xa 


Then (4.18) takes the form 


oP oP 
$ P dx, = HES cos (n, x;) — ax, cos (n, x| dS. 


The formulas 


$ Qdx, = f E or Ca ee EN cos (n, x) | dS, (420) 
S 1 3 


aR aR 
$ R dx, = J f lee, (n, x,) — 3, os 2] dS (421) 


are proved in the same way. Adding (4.18), (4.20) and (4.21) we obtain 
Stokes’ theorem (4.15). 


Remark 1. As in Gauss' theorem, it is assumed that the surface S is 
smooth or piecewise smooth. 


Remark 2. The requirement that no line parallel to the coordinate axes 
intersect S in more than one point is not essential and can be dropped (none 
of the surfaces S, S, and S’ shown in Fig. 4.4 satisfy this requirement). In 
fact, suppose the given surface does not satisfy this condition, but can be 
partitioned into a finite number of subsurfaces which separately satisfy the 
condition. We then apply Stokes' theorem to each subsurface and add the 
formulas so obtained. The left-hand side of the result is an integral over 
the whole surface, while the right-hand side is an integral over the boundary 
of the surface since the integrals over adjacent sides of the subsurfaces cancel 
each other, being counted twice but with opposite signs. 

Remark 3. Stokes’ theorem continues to hold for surfaces like S’ in 
Fig. 4.4 which are bounded by several closed curves (L’, L” in this case). 
In fact, cutting S’ along the curve AB, we get a new surface bounded by 
L', L' and the two edges of AB. Applying Stokes’ theorem to the cut surface, 
we then glue the surface back together again along 4B. When this is done, the 
line integrals along the two edges of AB cancel each other (since they go in 
opposite directions), leaving just the integrals along L’ and £". 


Given a vector field A = A(r), let 
A, = P(x, xs, Xa), 
Ay TT Q(x Xs, X3), 


Ay = R(X, Xs, X3) 
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be the components of A in a system of rectangular coordinates x,, xs, Xa 
with orthonormal basis i, i, i, Then Stokes’ theorem takes the form 


Hist 2 2] cos (n, x,) + (e — a) cos (n, x;) 


Ox, x Ox, Ox, 
Gis 9A; =) cos (n, xo) dS (4.22) 
Ox, Xa 


= $4 dx, + Áz dx; + Ay dx, = $ A- dr, 


whcre in the last step we use the fact that 
dr m i dx, + i, dx, + i, dx. 


The integrand of the surface integral also has a vector interpretation, which 
will be given in Sec. 4.4.5. 


4.2.4. Simply and multiply connected regions. In using Stokes' theorem 
to transform a contour integral into a surface integral, we must always make 
sure that both the closed contour Z and the surface S of which L is the 
boundary lie entirely inside the region where the hypotheses of Stokes' 
theorem are satisfied. However, there are regions such that a surface .S 
lying entirely inside the region cannot be found for certain closed contours 
L lying entirely inside the given region. For example, if the region is the 
interior of a torus, there is no surface which is bounded by the contour £L, 
Shown in Fig. 4.5 and lies entirely inside the torus. Similarly, if the region is 
the exterior of a torus, there is no surface which is bounded by the contour 
L, and lies entirely outside the torus. 





Fic. 4.5. The multiply connected region inside the torus can be made 
simply connected by adding a "'paitition'' 5 to its boundary. The multiply 
connected region outside a torus can be made simply connected by adding 
a “soap film" X to its boundary, thereby closing the hole in the torus. 


A region is said to be simply connected if every closed contour in the 
region can be shrunk continuously to a point without leaving the region. 
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In this case, every closed contour is the boundary of some surface lying 
entirely in the region (why?) For example, all of three-dimensional space, 
the whole plane, the interior of a closed plane curve, the interior or exterior 
of a sphere, cube, etc. are all simply connected regions. 

A region is said to be multiply connected if it contains a contour which 
cannot be shrunk to a point without leaving the region and hence a contour 
which is not the boundary of a surface lying entirely in the region. For 
example, both the interior and exterior of a torus are multiply connected, 
and so are the regions shown in Figs. 4.6(b) and 4.6(c). A multiply con- 
nected region can be made simply connected by enlarging its boundary in 





(o) (b) (c) 


Fic. 4.6. (a) The region outside a sphere is simply connected, since any 
contour L can be shrunk to a point without leaving the region. (b) The 
three-dimensional region outside an infinite filament and the two- 
dimensional region outside a closed curve are multiply connected, since the 
indicated contours L cannot be shrunk to a point without intersecting the 
filament or the curve. (c) The three-dimensional region outside two infinite 
filaments and the two-dimensional region outside two closed curves are 
multiply connected in a more complicated way. 


such a way as to “block off” contours which cannot be shrunk to a point 
without leaving the region. How this is done in thecase of a torus is described 
in the caption to Fig. 4.5. 


4.3. Scalar Fields 


4.3.1. Level surfaces. Given a scalar field 
9 = e(r) = (X1, Xa, Xa) 


(in a system X of rectangular coordinates xı, xs, x,), those points for which 9 
takes a fixed value C form a surface 


P(X1, Xa, x3) = C, 
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called a level surface of the field. By giving C various values, we obtain a 
family of level surfaces as shown in Fig. 4.7. These surfaces serve to char- 
acterize the field geometrically. For example, in places where the level 
surfaces crowd together, the function ọ changes rapidly in the direction 
perpendicular to the surfaces. 





Fic. 4.7. Level surfaces of a scalar field 9. 


Remark. The level surfaces of a single-valued field 9 cannot intersect, 
since otherwise 9 would take several values at the points of intersection, 
which is impossible. 


4.3.2. The gradient and the directional derivative. The most important 
characteristic of a scalar field is its gradient, which is the analogue for 
functions 9(r) of a vector argument of the notion of a derivative for functions 
f(t) of a scalar argument. 

In studying the behavior of a function f(t) of a scalar argument near 
some point M with abscissa fo, the derivative 


Gd." Ge ae) 


if it exists, tells us how rapidly f(r) changes as t is given values exceeding t,. 
Thus (4.23) serves as a measure of the rate of change of f(t) at the point M. 
By analogy, in the case of a scalar field o = o(r) it might be expected that 
the three partial derivatives 


Gs (Gu (x) 
0x JM. I2: M a M 


evaluated at some point M, would serve to describe the rate of change of 
p = 9(r) as we move away from M in any direction. This is in fact the case, 
as we now show. 
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First we recall from Example 1, p. 91 that the three quantities 00/0x, 
are the components of a vector. This vector is called the gradient of the 
field o and is denoted by grad o. Thus 


gd ie a oes i (4.24 
= summus, — — =] A : 

d : Ox, 2 Ox. : Ox, Ox, ) 

in terms of the orthonormal basis vectors ij, i;, i, of the rectangular coordinate 

system K. 

Now, given any two points M and M’ in the field, let / be a unit vector 
in the direction from M to M’. Then the average rate of change of o in the 
direction / equals 

o(M') — o(M) 
w, 4.25 
M'M (en) 

—- 

where MM' = |MM'| (see Fig. 4.8). As shown in the figure, let M" be 
another point on the level surface of M”. 
Then, although o(M") = o(M’) it is clear 

that the ratio 


e( M") — e(M) 
M'M ° 
giving the average rate of change of o in the 
direction /, (from M to M"), is different 





: P i Fic. 4.8. The directional deriva- 
from (4.25), since M'M + M'M. In other iye and the derivative along a 


words, the field o changes more rapidly in curve. The field changes more 

some directions than in others. rapidly in the direction /, than in 
The limit of the ratio (4.25), if it exists, the direction /. 

as M' approaches M along M'M is called 

the directional derivative of o at M in the direction / and is denoted by do/di: 


de _ m AM) — 9M) 
— im ; : 
di ar-mM MM 


This derivative describes the rate of change of the field ọ at the point M in 
the direction 4. If ẹ(M) = o(x,, xs, X4), then 


p(M') = pix; + M'M cos (I, x1), x, + M'M cos (I, x2), x4 + M'M cos (I, x;)]. 


Hence, expanding o(M") in a Taylor series, we have 
e(M^) = e(M) + lo: cos (4, x) + 29 cos (4, x») 
Ox, Ox, 


Jb ce cos (1, x) uM + O{(M'M)’}, 
Xa 
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where O{(M’M)?*} is a quantity of the second order of smallness in the dis- 
placement M'M. Thus, calculating dojdi, we find that 


dp ô a a a 
$7 = e cos (f, xy) + 7 cos (I, xa) + T cos (, x3) = 1, 5 . (426) 
Together (4.26) and (4.24) imply 
do 
dn e dvd. 427 
d grad o (4.27) 


i.e., the directional derivative of ọ in the direction characterized by the unit 
vector Í equals the scalar product of I and grad o. In the right-hand side of 
(4.27), grad o characterizes the field 9 while the vector / is independent of o 
and characterizes the direction in which the derivative is evaluated. Thus, 
if grad ọ is defined at a point M in the field o, we can always find the rate of 
change of o at M along any direction at all. In this sense, grad ọ describes 
the inhomogeneity of the field o. 


Example. Let L be the curve specified by the parametric equations 
Xx;— xi(s), X3 — xs), X3 = xa(s), 


where s is the arc length along Z measured from a fixed point of L. Suppose 
a scalar field o = o(r) is defined at every point of L. Then by the derivative 
of ọ along the curve L at the point M is meant the limit 


*". 
de — jim 2M") — PM) 
ds — M*-M As 


(provided it exists), where M* is a variable point of L (sce Fig. 4.8), and As 
is the length of the arc MM* of the curve L. If lis the unit tangent vector to 
L at the point M, as in the figure, then 


— = —, 4.28 

ds I im 
In fact, on the curve L we have 

9 = eDa(s), x«G), xa(s)], 
and hence, by the chain rule of partial differentiation, 
dọ ded | pdx, | dg dn, 
ds Ox, ds  Ox,ds Ox, ds 
= og cos (4, xy) + Li. cos (f, xa) + Ek: cos (/, x4) = do ' 
X1 OX, OX, dl 
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4.3.3. Properties of the gradient. The operator V. Writing (4.27) in theform 
s = |grad 9| cos (f, grad 9), 


we arrive at the following important conclusions: 


1) The rate of change of the field ọ is greatest in the direction of grad o 
[since then cos (/, grad o) = 1], and equals 


do | doy , (99Y , (0o 
a ax Eg (52) Es P 
2) The vector grad o at the point M points tn the direction of increasing 
o along the normal to the level surface o — C (say) containing M. 
To see this, let / lie in the plane tangent to the level surface 9 = C. 


Then, by the definition of a level surface, do/ds = 0 along any curve 
lying in the surface 9 = C, and hence by (4.28), 


But then grad o is directed along the normal to the level surface o — C 
(Igrad p| = 0), in fact in the direction of increasing ọ since 


do) 
E em [grad | > 0 
(see Fig. 4.9). In particular, if n is the unit vector normal to the level 
surface 9 — C, we have 
de do 
s Igrad ol, grad o — n PEE 
The vector field obtained by taking the gradient of a scalar field o has 
a number of special features to be dis- 
cussed in Sec. 5.4. At this point, we grod e 
merely note that taking the gradient 
of o entails the following sequence of 
operations (cf. (4.24)]: 


1) Form the partial derivatives of 9; 
2) Multiply them by the corre- 
sponding unit basis vectors of the 
underlying rectangular coordi- 
nate system; 
3) Add the resulting expressions. . f 
The effect of these three operations can 3 E. ae. pradin ;o[. the scalar 
: i i unction 9 is directed along the normal 
be described by a single differential — (o the level surface 9 = C in the direc- 
operator, denoted by the symbol V and tion of increasing 9. 
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read “del” or “nabla,” which takes the form 
a 0 o 
V =i + hkh + ih 4.29 
"Ox, * Ox, Ox, — Ox, (nen 
in rectangular coordinates. When applied to a scalar o, this operator pro- 
duces the vector field grad 9, i.e., 


Ó 
Vo = grad o =i, — t 
Ox, 
4.3.4. Another definition of grad >. We now give a way of defining the 
vector grad o which is independent of any coordinate system. Applying 
Gauss' theorem (4.10) to a vector field of the special type 


A = eo(x,, Xs, X4), 
where the vector c is fixed but arbitrary, we find that 
c- (HI grad o dV — {| ends) =0. 
r S 


Since c is arbitrary, the fact that the scalar product of c with another vector 
vanishes implies that the other vector vanishes, i.e., that 


fff grad eav = ff onas. (4.30) 
FV S 


Now let V be a small volume surrounding some point M in the field 9, 
and consider any component of grad o, say 0o/@x,. Then, by the mean-value 


theorem for integrals, 
[f[ 25 29 ds ( 2 V, 
- Óx,/ar 


where M' is a suitable "average point" in the volume V. It follows that 


(32) = J| 9 cos (a, x) 4S. 


Oxy Ve 


Next let the volume V and its surface S shrink to the point in an arbitrary 
fashion. Then the "average point" M’ approaches M because of the con- 
tinuity of do/0x,, and hence 


(25). = tins JI Q cos (n, x,) dS, 


Qx,/w  v-eV 


and similarly for the other two components of grad o. Thus we have 


grad o — lim E i ọn dS (4.31) 
y-2oV E 
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(at the point M). This formula can serve as a definition of grad 9, provided 
the limit on the right exists. The advantage of (4.31) is that it is independent 
of the choice of coordinate system and hence can be used to define the com- 
ponents of grad q in any coordinate system at all (oblique, curvilinear, etc.). 
This will be done in Sec. 4.7. 


4.4. Vector Fields 


4.4.1. Trajectories of a vector field. A curve whose tangent at every 
point has the same direction as a vector field A — A(r) is called a trajectory 
of the field (see Fig. 4.10). 


Example I. The trajectories of the field 
À — grad o are the curves orthogonal to 
the level surfaces 9 = const at every point, 
i.e., the lines of most rapid change of the 
function ọ = oír). 


Example 2. The trajectories of the veloc- pe 
ity field of a rigid body rotating about an dm a 
axis are concentric circles with centers on 
the axis, while the trajectories of the velocity 


field of a rigid body moving in a straight 
line are themselves straight lines. 





Fic. 4.10. Trajectories of a vector 
field A = A(r). 


Example 3. The trajectories of the velocity field v of a moving fluid are 
called streamlines. In general, the streamlines change with time [v = v(r, f)] 
and do not coincide with the paths of the fluid particles. However, if the 
velocity field is stationary [v = v(r)}, the streamlines do not change in time 
and represent the actual paths of the fluid particles. 


Let r = r(s) be a trajectory of a vector field A = A(r), in terms of some 
parameter s (usually the arc length). Then the condition for the tangent to 
the trajectory to be collinear with A can be written concisely as 


dr x A(r) = Q. (4.32) 


This is the vector form of the differential equation of the trajectories of the 
field A(r). Since the components of collinear vectors must be proportional, 
the trajectories of the field A(r) also satisfy the system of scalar differential 
equations 

dx, dx, dx, 


— = = (4.33) 
A(X, Xe X). — A(Xi X2, X3) AX Xz Xa) 


in a system of rectangular coordinates x,, x2, x; [note that (4.33) is an im- 
mediate consequence of (4.32)]. 
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Integration of (4.32) or (4.33) gives the family of trajectories of the field 
A(r). If the field is nonstationary, (4.32) and (4.33) are replaced by 


dr x A(r, t) = 0 (4.32’) 
and 


dx, = dx, = dX, (4.37) 
A(x, X2, Xa, 1) A(x, X2, Xs, t) A(x, Xo, Xs, t) 


In other words, in the case of a nonstationary field A(r, £), the differential 
equations of the trajectories have the same form except that f appears as a 
parameter determining a family of trajectories at every given instant of time. 

If A Æ 0 at some point M, there is a unique trajectory passing through 
M, whose tangent at M has a well-defined direction coinciding with that of 
A.* This trajectory can be found by choosing suitable constants of integra- 
tion in the general solution of (4.33). 

If A = 0 at some point M, all the denominators in (4.33) vanish. At such 
a singular point of the system (4.33), the direction of the trajectory is in- 
determinate and the behavior of the trajectories becomes more complicated 
(there may be infinitely many trajectories through M or even none at all). 


4.4.2. Flux of a vector fleld. Let S be a two-sided piecewise-smooth 
surface (which may or may not be closed) immersed in a vector field A = 
A(r). Let dS be an element of S, and let n be the unit normal to dS at one of 
its points. Then by the flux of the field A(r) through the element d$ we mean 
the quantity 

Á -n dS = A, dS, 


where A is taken at the same point as n. Similarly, by the flux of A(r) through 
the whole surface S we mean the integral 


[J ssuson Lacs 


This surface integral is independent of the choice of coordinate system. In a 
system of rectangular coordinates x,, x2, xs, it takes the form 


ff A-ndS = ff [A, cos (n, xj) + A, cos (n, x.) + A, cos (n, x5)] dS, 
S S 


where A,, As, A, are the components of the vector A. 
The following physical example clarifies the meaning of the concept of 
the flux of a vector field: 


* It is assumed that A has the smoothness required to invoke the appropriate existence 
and uniqueness theorems for the system (4.33). 


SEC. 4.4 VECTOR AND TENSOR ANALYSIS; RUDIMENTS 153 


Example. Consider the stationary flow of an incompressible fluid totally 
occupying a certain region of space. Such a flow is characterized by a con- 
tinuous velocity field v = v(r). Let S be a smooth surface immersed in the 
flow. Then, according to (4.33), the flux of the field v(r) through S is given by 
the integral 


Q — f [v-nas. (4.34) 
S 


As we now show, this is just the amount (i.e., volume) of fluid flowing through 
dS per unit time. 

In fact, let dS be an element of S, with unit normal n (see Fig. 4.11). The 
boundary of dS defines an elementary tube of flow AB, i.e., the surface formed 





A 


Fic. 4.11. The flux of the velocity field of a moving fluid through a 
surface S equals the amount of fluid flowing through S per unit time. 


by the trajectories of the velocity field going through points of the boundary 
of 5 (a small closed contour). Clearly, the same amount of fluid flows through 
every perpendicular cross section of this tube per unit time. To calculate 
this quantity, we note that the amount of fluid flowing through dS in time 
dt equals the volume of the cylinder with base dS and generator |v| dr. The 
altitude k of this cylinder obviously equals the projection of vd! onto the 
normal to the base, i.e., 


h = |v| dt cos (v, n) = |v* n| dt. 
Therefore the amount of fluid flowing through dS in time d! equals 
dQ = |v| cos (v, n) dS = v-ndsS. (4.35) 
Integrating (4.35) over the whole surface 5, we obtain (4.34), as required. 
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Thus the flux of the velocity field v(r) through S equals the amount of fluid 
flowing through S per unit time. 

If the fluid is incompressible, then the mass m of fluid flowing through the 
surface S per unit time is obtained by multiplying (4.34) by the density o 
of the fluid: 


m = pQ = pf fv -n as. (4.36) 
5 


On the other hand, if the fluid is compressible with density p = p(r), itself 
a (scalar) field, equation (4.36) must be replaced by 


m =f fov. nds, (4.37) 
S 


i.e., p must appear inside the integral since it is also a function of r. 

The quantity A -ndS is positive if A and n form an acute angle and 
negative if they form an obtuse angle. Therefore the quantity (4.34) repre- 
sents the net amount of fluid flowing through S in the direction determined 
at each point of S by the positive direction of the normal n, rather than the 
absolute amount of fluid crossing S regardless of the direction of flow. 

Suppose S is closed, like the surface S, shown in Fig. 4.11, and let V be 
the volume enclosed by S. Moreover, suppose we always choose n to be the 
unit exterior normal. Then flow of fluid in the positive direction (the direc- 
tion of +n) corresponds to efflux out of V, while flow in the negative direction 
(the direction of —n) corresponds to influx into V. Hence the (net) flux 
Q equals the difference between the amount of fluid flowing out of the volume 
V enclosed by the given surface and the amount of fluid flowing into the 
volume. In particular, vanishing of Q means that just as much fluid flows 
into V as flows out of V. 

If Q is positive, there are sources in V, i.e., places where fluid is somehow 
“created” (e.g., by little pipes introducing extra fluid, bits of melting ice, 
etc.). On the other hand, if Q is negative, there are sinks in V,i.e., places where 
fluid is somehow “annihilated” (e.g., by freezing, evaporation, etc.). 

If the fluid is compressible, so that p = p(r), then places where rare- 
faction or density drops occur act like sources, while places where condensa- 
tion or density rises occur act like sinks. For example, a density drop means 
that the same mass of fluid occupies a larger volume near the point of rare- 
faction. But this causes a greater mass of fluid to appear in the rest of the 
volume occupied by the fluid. 


Thus the flux of a vector field through a closed surface allows us to form 
some idea of the behavior of the field in the volume V bounded by the surface. 
However, since V is finite, such estimates can be very crude. For example, 
the fact that the flux of the velocity field of a moving fluid through a closed 
surface vanishes can mean the absence of sources and sinks inside the volume 
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V bounded by the surface. But it can also mean that V contains sources and 
sinks of equal strength," or a distribution of sources and sinks whose total 
strength is zero. This suggests introducing a quantity characterizing the 
“local” or “pointwise” distribution of sources and sinks. In this way, we are 
led naturally to the concept of the divergence of a vector field, which is the 
subject of Sec. 4.4.3. 


4.4.3. Divergence of a vector field. Given any point M in a vector field 
A = A(r), let S be an arbitrary closed surface surrounding M and enclosing 
a volume V. Calculating the flux of A through S and dividing by V, we obtain 


> Í fA- nds. (4.38) 


Interpreted geometrically, the quantity (4.38) is the average strength of the 
sources and sinks inside V. The limit of (4.38) as the volume V and its 
surface S shrink to the point M in an arbitrary fashion (if the limit exists) 
is called the divergence of the field A (at the point M), denoted by div A. 
Thus, by definition, 


div A = lim — Í f A -n ds. (4.39) 
v=o V x 


Note that the divergence of a vector field A(r) is a scalar function of r and 
hence a scalar field. 


Remark. Just like the analogous definition (4.31) of grad 9, the definition 
(4.39) of div A is independent of the choice of coordinate system and hence 
can be used to define div A in any coordinate system at all (see Sec. 4.7). 


The field div A does not exist for every field A. However, div A exists 
at every point where the components 4j, Az, A, of A (in a system of rec- 
tangular coordinates x,, x,, x3) and their derivatives 

Ox, Ox, Ox, 


are continuous. In fact, it follows from Gauss' theorem in the form (4.10) that 


23 nds = rff ne pa +% aV. 


As V shrinks to some interior point M, the BN side obviously has a 
limit equal to the value of 
Ox, T OX, OX, 


? By the srrength of a source (or sink) we mean the amount of fluid emitted (or absorbed) 
by the source (or sink) per unit time, as on p. 160. 
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at the point M. Therefore the left-hand side also has a limit equal by defini- 
tion to the divergence of A at M. Hence 


DA, | 04, | 0A, 
Ox, Ox, OX, 
in rectangular coordinates x,, x, xs. 

Formula (4.40) can also be derived directly by choosing the arbitrary 


volume V in (4.39) to be an infinitely small parallelepiped with faces per- 
pendicular to the coordinate axes (see Fig. 4.12). The unit normals of the 


divA — (4.40) 


T 







Ale + An, %, 49) 
Alan, 45, 13) 





Ti 


n 


Fic. 4.12. Calculation of the flux of a vector field A through an elementary 
rectangular parallelepiped. 


faces perpendicular to the x,-axis are i, and —i,, where i, is the unit vector in 
the direction of the positive x,-axis. Hence 


div A= lim y [J A nas 


SE 7 (Lig © AQ, + Ax, Xo x) — i, © AQ, Xe Xx] AS, + 7) 
F0 


— lim 7 (L4 + Ax,, Xo, X9) — Ay (xy, Xo X3] AS, + 557) 
y-o 


3 
Slime 5 24i Ax, AS,, (4.41) 


v-0V k=1 OX, 


where AS, is the area of the two faces perpendicular to the x,-axis and Ax, 
is their distance apart. But then (4.41) implies (4.40), since 


Ax, AS, = Ax, AS, = Ax, AS, = F. 
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Using the concept of divergence, we can write Gauss’ theorem (4.10) as 
f[[ aiv a av — [T A. nas. (4.42) 
V S 


This form of Gauss’ theorem, often called the divergence theorem, has wide- 
spread physical applications. Geometrically, (4.42) means that the integral 
of the divergence of a vector field over a volume V equals the flux of the field 
through the surface 5 bounding V (provided the field is suitably smooth 
inside V and or .). 

The expression (4.29) for the operator V implies the following represen- 
tation of the divergence of A: 
dd odi erie 
Ox, Ox, 
In other words, div A is just the scalar product of V and the vector A. 

A coordinate-free symbolic representation of the operator V is 


01 
VC) = lim 7 | fac- 345. (4.43) 


where (‘+ *) is some expression (possibly preceded by a dot or a cross) on 
which the given operator acts. In fact, according to (4.31) and (4.39), 


Vs — lim + f [ne as, (4.44) 
y-o V x 

V.A — lim — ffn- Ads. (4.45) 
y-oV e 


4.4.4. Physical examples. We now give some examples clarifying the 
physical meaning of the concept of divergence. 


Example 1 (Divergence of the velocity field of a fluid). Let v(r) be the 
stationary velocity field of a moving fluid. Choosing any point M in the field, 
we surround M with a surface S enclosing a volume V. If the flux of the 
velocity field through S is positive, i.e., if 


y [fv-nas>o 


then a larger volume of fluid flows out of V (through S) than into V. Suppose 
V contains neither sources nor sinks. Then the fluid inside V must expand, 
i.e., its density must decrease. The quantity 


yl eis (4.46) 


characterizes the average expansion of the fluid inside V per unit time, or 
equivalently, the average rate of volume expansion [contraction if (4.46) is 
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negative] of the fluid inside V. Let V and its surface S shrink to the point M. 
Then the limit 


div v — lim y[fr-nas, 


V -0 


if it exists, characterizes the rate of change of the volume of the fluid at the 
point M. Thus a fluid element at the point M which originally had volume 
AV has volume 

AV’ = AV(1 + div v) 


one unit of time later. Naturally, if the fluid is incompressible and contains 
no sources or sinks, then 
div v = 0 (4.47) 


at every point of the velocity field. 


Example 2 (Equation of continuity). Let S be any closed surface immersed 
in the stationary velocity field of a moving fluid, and suppose S encloses a 
volume V. Then the amount of fluid flowing into V per unit time equals the 
amount of fluid flowing out of V, provided V contains no sources or sinks. 
Hence, taking account of (4.37), we find that 


ff ev-nds =0 
S 


for any closed surface S immersed in the fluid. 
If the density and velocity of the fluid can vary in time, so that 


e = plr, r),  v-vwr?), 
then the change in mass of the fluid inside V per unit time equals 


o 
à ij p dV. 
Since the position of V does not change in time, 
2 fff av [jJ Sav 


This change in the mass of fluid inside the fixed volume V must equal the 
mass flowing into V through its fixed surface S, i.e.,? 


[[[28av - -ff ev-nas. (4.48) 
V ót S 
* We must put a minus sign before the surface integral since 
+ f ev-ndS 
ff 


is the mass flowing out of V (n is the unit exterior normal to S). 
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Using Gauss’ theorem to transform the right-hand side of (4.48), we obtain 


J f (2 + div (en) dV =0. (4.49) 
But (4.49) must hold for an arbitrary volume V, and hence 
Bs + div (pv) = 0, (4.50) 
t 


provided the integrand of (4.49) is continuous. Equation (4.50) is the familiar 
hydrodynamical equation of continuity. 


Example 3 (Fields due to sources and sinks}. Consider a vector field of 
the form 
r 
A(t) = q E (4.51) 
where g = const and r = i,x, + iX} + ix; is the radius vector. Calculating 
the divergence of this field, we obtain 


0A, qot - 9d) 


Ox, r 
9A, _ a(r? — 3x5) 
x, — r i 
0A, q(r — 3x3) 
] ax, — r ` 
Therefore ava A p BAe REA 
Ox, Ox, Ox, r? r* 


everywhere except at the origin of coordinates (r = 0). The origin does not 
belong to the field, since div A (like A itself) is not defined at the origin. 

If S is any closed surface which does not surround the origin, then the 
flux of the field A(r) through S vanishes. This 
follows at once from Gauss' theorem (4.42), since 
div A vanishes throughout the volume V enclosed 
by S. 
On the other hand, if S is a closed surface 
surrounding the origin, then the volume enclosed 
by S contains a "singular point" where both A 
and 0A,/0x, are undefined, so that Gauss’ theorem 
is not applicable to S. To calculate the flux of the 
field A = A(r) through S, we first surround the 
origin with a little sphere e of radius p lying 
entirely inside $, as shown in Fig. 4.13. We can fig. 4.13. Isolation of a 
then apply Gauss’ theorem to the volume V singular point at the origin. 
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between S and e. Since div A = 0 everywhere in V, we have 


fj A-nas » JJ A-nac— 0. (4.52) 


But on the sphere e 


where p is the radius vector of a variable point on c. It follows from (4.52) 
that 


Jf Anas -J[ A-nde= [[35. Bae 5 [[ de = na (4.53) 


According to (4.53), the flux of the field (4.51) through a surface S 
surrounding the origin is nonzero and equals 4rq. The field (4.51) is called 





Fic. 4.14. (a) A source; (b) A sink. 


the field of a point source if q > 0 or the field of a point sink if q < 0. Figure 
4.14 shows the general nature of the trajectories of fields of this kind. The 
field of a point source is usually written in the form 


where Q is called the strength of the source, equal to the flux of A through 
any closed surface surrounding the source. Thus the strength of a source 
equals the volume of fluid emitted by the source per unit time. If Q is 
negative, we have a sink of strength |Q|, where |Q| is now the volume of 
fluid absorbed by the sink per unit time. 

It is easy to see that the field due to n points sources of strengths Qi, 
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Qs... Qn at the points with radius vectors r,, Fo, . . ., r, equals 





a= (o =, + ae SP PEEL 


r.i 
21-2 T — I, 





= 2 2 
4nx=1 |r — r] 

4.4.5. Curl of a vector field. Besides the divergence of a vector field 
A = A(r), there is another important differential characteristic of A, namely 
the curl of A, denoted by curl A. Given a point M in the field A, let S be a 
closed surface surrounding M with unit exterior normal n, and suppose S 
encloses a volume V. Then by the value of cur! A at M is meant the limit 


euism [[ nx Ads, (4.54) 
v^5oV A 


(provided it exists) where both V and its surface S shrink to the point M in an 
arbitrary fashion. Since n x A is an axial vector (pseudovector), so is curl A. 
Note the similarity between (4.54) and the definition (4.31) of the gradient 
and the definition (4.39) of the divergence. In each case, the definition is 
independent of the choice of coordinate system. Moreover, comparing (4.54) 
and (4.43), we find that 


V x A — lin f [n x Ads (4.55) 
v-oV P 
(cf. (4.44) and (4.45)], and hence 
curl A — V x A. 


In other words, curl A is just the vector product of the operator V and the 
vector A. 

To explain the geometric meaning of curl A, we choose the surface S to 
be a right cylinder of infinitesimal cross section, whose generator is of length 
A and points in the direction specified by the unit vector / (see Fig. 4.15). 





Fic. 4.15. Illustrating the definition of curl A. The contour L is traversed 
in the direction causing a right-handed screw to advance along l. 
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Let S, be the lateral surface of the cylinder, and let S, and S, be its end faces 
of common area Ac. Moreover, let the lateral surface and the faces have unit 
exterior normals n, and n,, nz, respectively, where / = n, = —n,. 

We now calculate the projection of curl A onto the direction / of the 
generator of the cylinder, obtaining 


I curl A = curl, A = lim —— [Jaco x A) dS, 
y-o hc S; (4.56) 


at [Jaa x A) dS, + f [ 1s x A) as 
S: So 


where V is the volume enclosed by S. Since n, = —n,, the integrals over the 
faces S, and S, cancel each other. As for the integral over the lateral surface 
S,, we first note that 


i-(n, A —- A:([x np = A-(N, x nj 


[cf. (1.27)] and then that 
n, X n, = T, 


where * is the unit tangent to the contour L bounding any perpendicular 
cross section of the cylinder. But 


dS, — hds 


(see Fig. 4.15), where ds is the element of arc length along L. Therefore the 
right-hand side of (4.56) reduces to 


h-0 h Ac 


: 1 2 
lim —— || f- (nj x A) dS, — lim — > A » dr, 
JJ (Mo Hoo Hue Ac 2 
Aa-0 So 
where dr = t ds as on p. 136 and we can choose L to be the boundary of the 
perpendicular cross section of the cylinder containing M. Hence, finally, 


the projection of curl A onto any direction is given by 


I- curl A — lim — $ A dr, (4.57) 

ao^0 Aa "E 
where L is traversed in the direction causing a right-handed screw to advance 
along /. 

Thus, given any point M of the field A and any direction /, consider any 
element of plane area through M perpendicular to /. Then, according to 
(4.57), the projection of curl A onto l is the limit of the ratio of the circulation 
around the boundary of the element to the area of the element as the element 
shrinks to the point M. Since /-curl A achieves its maximum value when / 
coincides with the direction of curl A, this limit takes its maximum value, 
equal to |curl A], when the area is perpendicular to curl A. 


SEC. 4.4 VECTOR AND TENSOR ANALYSIS: RUDIMENTS 163 


The components of curl A in a rectangular coordinate system can be 
found in two ways, One way consists in choosing the surface S to be a 
rectangular parallelepiped with faces perpendicular to the coordinate axes, 
and then explicitly calculating the right-hand side of (4.54), just as was done 
on p. 156 for the case of the divergence (the details are left as an exercise). 
Another way is to use the fact that 

v-i2 


k 
Ox, 


in rectangular coordinates [recall (4.29)] to deduce the representation 


l ip ls 
0 2 2 
lA-VXA-|L— > — ; 
cur x A TT DX, (4.58) 
A A. A, 
It follows from (4.58) that 
curl, À — 9s../04 
Xo Ox, 
curl, A = 94: — 24; ; (4.59) 
Xy Ox, 
curl, A — 94) 2704 
X, OX, 
or more concisely, 
luda ee ed (i = 1, 2, 3), 
Ox; Ox, 


where the indices /, j, k are a cyclic permutation of the numbers 1, 2, 3. 


Example. Consider a rigid body rotating about a fixed point O with 
angular velocity w. Then the point with radius vector r has velocity 


vY—OXTr 
(see Prob. 11, p. 45), and hence 


curd v = curl (w x r). 
Therefore 
Ov, Ov, ə ] 
curl, yv = — — — = — (wx, — X) — — (osx, — Wx) = 20 
1 ax, ax, 2x, 1^2 27*1 dx, | a*1 J 3) 1 
(w is independent of r), and similarly 
curl, y = 20, 


curl, v = 2o. 
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It follows that 
curl v = 2w, 


i.e., the curl of the velocity field of a rotating body equals twice the angular 
velocity of the body. 


Using the concept of curl, we can write Stokes’ theorem (4.22) in the form 


[fn-curlads=4 A-dr. (4.60) 
S 


This form of Stokes’ theorem has widespread physical applications. Geo- 
metrically, (4.60) means that the flux of the curl of a vector field through a 
surface S bounded by a contour L equals the circulation of the field around 
L (provided the field is sufficiently smooth on S and L). 


4.4.6. Directional derivative of a vector field. Given a vector field 
A = A(r), let M and M' be two points in the field and let / be a unit vector 
in the direction from M to M'. Then by the directional derivative of A at M 
in the direction f, denoted by dA/d/, we mean the limit 
dA _ lim A(M^) — A(M) 
di è w-M M'M 
provided it exists. Suppose A has components A,, Aa, A, in a system of 
rectangular coordinates. Then, recalling Sec. 4.3.2, we find that dA/d/ is 
the vector with components? 
dA, dA, dA, 
di’ di’ d 
Just as formula (4.27) expresses the directional derivative of a scalar field 
9 in any direction Z in terms of the scalar product 


do 
— = l. grad 
di Brad e 
we can express the components dA,/d/ of the directional derivative dA/dl 


in terms of the scalar product 


dA, 
— = l. grad A,. 4.61 
di E i ( ) 
We can also write (4.61) as an inner product 
A ly 94i ; (4.62) 
di Ox, 





* Note that 


dAY ( im AMO — AGN) _ jm 4M’) — ACM) _ dA, 
. W-M MM MM M'M | di 
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where h, lz, J; are the components of / and @A,/0x, is a second-order tensor 
since 
0A, QA, 0A, Ox, 0A, 
= as T = = hp ye 
Ox, ax! 'üx,, Ox) TES Oe 


Another way of writing (4.61) is 
ap TEVA (4.63) 
in terms of the differential operator 


. . ð ig . 9 
LV = (hi + lis + Ls): Ga + h a, t ba) 
2 Ó a 


n ^ OX, tho Ox, 

Example TEN field of a moving fluid). Let v = v(r, t) be the 
velocity field (in general, inhomogeneous and nonstationary) of a moving 
fluid. Suppose that in time d! a fluid particle moves from M to M", thereby 
undergoing a velocity change dv. Then there are two contributions to the 
increment dv. One is a “local” increment 


dYioc = oy di (4.64) 
ar 


(stemming from the nonstationarity of the velocity field) equal to the change 
in the velocity at M in the time d! it takes the particle to go from M to M" 
[see Fig. 4.16(a)]. The other contribution is a “convective” increment 


dV asas Zal 


(stemming from the inhomogeneity of the velocity field) equal to the differ- 
ence in velocities at the points M and M' at the same time ! [see Fig. 4.16(b)]. 


vif, r} 






vi? + o, r) 
N 


N 





(a) (b) 


Fic. 4.16. Local and convective increments of the velocity of a moving 
fluid. 
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Here dv/d! is the directional derivative of the velocity field in the direction 
from M to M’ (characterized by the unit vector I), and d! = |dr| is the dis- 
tance between M and M'. But clearly 

zt 

I 


since the particle moves in the direction given by its velocity. Therefore, 


using (4.63), we have 
£ v 
N Iv = UV 
= (i v= je m 


dv.onv = (v * V)v dt (4.65) 


since di = |v| dt. Adding (4.64) and (4.65), we find that the total velocity 
increment is 2 
dv "di + (v. Vv dt. 
i 


and hence 


Therefore, finally, the acceleration feld of the moving fuid is 
dy 


—=— V 4.66 
di a0 (v: Vy. (4.66) 
In component form, (4.66) becomes 
dv, Ow Ov, 
pastels ea . 4.67 
dt of TÉ * Ox, I 


4.5. Second-Order Tensor Fields 


Let 7,, = T(r) be a second-order tensor field (see Sec. 4.1.2), and let .S 
be a two-sided piecewise smooth surface in the field of 7;, with variable unit 
normal n. Then by the ffux of T;, through S we mean either of the vectors 
W with components 


W, = | { Tune dS (4.68) 
S 


T W, = f f Tue as. (4.69) 
S 


where n, na, n; are the components of n. This is the natural generalization of 


the integral 
[[ A-nas, 
S 


which can be written in the form 


f[ Amas. 
S 
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Note that whereas the flux of a vector field is a scalar, the flux of a second- 
order tensor field is a vector. 


Example 1. Let Ti, = p,, be the stress tensor of an elastic medium. 
Choosing a surface S in the medium (S may or may not be closed), we calcu- 
late the resultant P of all stresses acting on S. If p, is the stress on the 
element dS with unit normal n, then P is the vector 


P = [| p. dS, 
S 


with components 
P,— ff Pr dS. 
But according to (2.14), Par = Puy ahd hence 
P, = f f pan ds, 
S 


i.e., the total stress on S is the flux [as defined by (4.68)] of the stress tensor 
pa through S. 


Example 2. Given a closed surface S, the flux of the unit tensor 3, 
through S, this time defined by (4.69), is the vector W with components 


W, = f f nds = f | nias. 
It follows that T ? 


w= ff nas. 
But d 


[sien 


as can be seen at once by setting o = const in (4.30). Therefore the flux of 
the unit tensor through any closed surface vanishes. 


Next let S be a closed surface surrounding a point M in a tensor field 
T(r) and enclosing a volume V. Then, by analogy with (4.39), we define the 
divergence of T,,(r) at M as either of the limits!? 


(div T), = lim > (f Tan, ds (4.70) 
y-oV E 
or 
(div T), = lim 2 fÍ Tan. as (4.71) 
y-oV * 


10 The definition (4.70) corresponds to (4.68), while (4.71) corresponds to (4.69). Con- 
cerning the meaning of T, see the remark on p. 93. 


168 VECTOR AND TENSOR ANALYSIS: RUDIMENTS CHAP. 4 


(provided they exist) as the volume V and its surface S shrink to the point M 
in an arbitrary fashion. Note that whereas the divergence of a vector field is a 
scalar field, the divergence of a second-order tensor field is a vector field. 
In a system of rectangular coordinates x,, xs, Xs, we have 


(div T), = OTe 
Ox, 
with the definition (4.70) and 
(div T), = OT 
Ox 


k 


with the definition (4.71), by the same arguments as on pp. 155-156. 
Finally, by the natural generalization of (4.26) and (4.62), the directional 
derivative of a tensor field T;,(r) along the direction f is defined as 
dT; =| OTe 
di ! Ox,’ 


where it is easily verified that 0T,,/Ox, is a third-order tensor. 





Remark. The operation of taking the curl of a vector field has no analogue 
for the case of higher-order tensor fields. 


4.6. The Operator V and Related Differential Operators 


The first-order differential operator V has already been encountered in 
the expressions 
Vo = grad 9, 


V-A=divA, (4.72) 
V x À = curl À. 


Applying V once again to (4.72), we obtain the following expressions in- 
volving second-order differential operators :™ 


V: Vo = div grad 9 = V?q = Ag, 
V x Vo = curl grad 9 
V(V - A) = grad div A, 
V (V x A) = div curl A 
V x (V x A) = curl curl A. 





1! As we will see in a moment, two of these expressions vanish identically. 
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It will be recalled that the operator V has the coordinate-free representation 
T 
V(.--) =lim— |! nC: -) dS 
(+) = lim > J Jac) 
[cf. (4.43)] and the particularly simple representation 
V =i, m (4.73) 


Ox, 


in rectangular coordinates [cf. (4.29)]. Using (4.73), we find that the ex- 
pressions curl grad o and div rot A both vanish in rectangular coordinates, 
and hence in any coordinate system (why?). The operator V: V = V? =A 
is called the Laplacian. In retangular coordinates, it takes the form 


EE à 

AV. Vai 42 = dui) — — 
TE LER 

2 2 2 2 

QR Qs sys 





Ox, 8x, Ox Ox ax?’ 
so that 


p-e Fe, He, He 


Ax, Ox, xl ^ Ox2 ax? 


Clearly the result of applying the operator V to a sum of two or more 
terms is the sum of the results of applying V to each term separately. Thus 
we have 

grad (p + x) = grad o + grad x, 


div (A + B) = div A + divB, 
curl (A + B) = curl A + curl B, 
grad div (A + B) = grad div A + grad div B, 
Alp + x) = Ap + Ay, 
curl curl (A + B) = curl curl A + curl curl B. 
On the other hand, when applied to the expressions 
ey, pA, A-B, AxB, 


the operator V acts on each factor separately with the other held fixed. Thus 
V should be written after any factor regarded as a constant in a given term 
and before any factor regarded as variable. In this way, we obtain the 
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following formulas (the subscript c denotes that the quantity to which it 1s 
attached is momentarily being held fixed):!? 


grad (px) = V(ex) = Ve + Vex, = Pe Vx + x. Ve 
=o Vy + x Vo = 9 grad x + x grad , 
div (oA) = V-(pA) = V-A - V: 9À,— 9, V A - A,* Vo 
— 9 V-À c À*: Vo — 9 div A + A * grad 9, 
div (A x B) — V-(A x B) — V-(A, x B)+ V-(A x B) 
= —A,:(VxB)--B,:(Vx A) 
= —A-(V x= B)+B-(V x A) 
= B- curl A — A: curl B, 
curl (PA) = V x (pA) = V x (g,A) + V x (qA,) 
— qe, (Vx À)-- Vox A, —9( V x À) - Vox A 
= qe curl A — A x grad 9. 


A case of great practical importance is where o and A are composite 
functions, i.e., 


e—e[f(n) A = A[f(), 


where f(r) is a scalar function of the radius vector r. Then we have 


E 
grad e[/(r)] = ^r grad f, 


div A[f(r)] = grad f: of i (4.74) 
df 
dA 
url A = grad f x —. 
curl A[f(r)] = grad f x = j 
To prove (4.74), say, we start from the definition 
' MEM 
div Áj y = lim — | |A -ndS 4.75 
|u = lim = J f (4.75) 





n The reader should bear in mind the explicit nature of the operator V, involving first 
partial differentiation, then multiplication by the basis vectors and finally addition (cf. pp. 
149-150). 
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and expand the integrand in a om of a point M, obtaining 
À — A(M pe 

Meo zh 

Substituting (4.76) into (4.75) and bearing in mind that 


f [nas =o 
8 
(see Example 2, p. 167), we find that 
div Al 5 sim Se ae dS = 2 j|, im, [f mas. 


Using the definition (4.31) and dropping the explicit dependence on M, we 
finally obtain 


UC f(M)] + - (4.76) 











ava =O eund f. 
df 
as required. 


4.6.1. Differential operators in orthogonal curvilinear coordinates. We 
now derive expressions for the quantities!? 


grad f, div A, curlA, Af 


in a system of orthogonal curvilinear coordinates g!, g*, g? with orthogonal 
local basis e,, €», es. By the natural generalization of the argument given in 
Sec. 4.3.2, we find that 


grad f =F eit T Siy a es, (4.77) 
OS, 05; 
where ds, = |e,| dq' is the gate of arc length along the coordinate curve 
(q') [recall Sec. 2.8.4] and e? is the unit vector e,/le,{. In fact, with this 
definition of grad f, the directional derivative of f along any direction f is still 
given by the formula 


of of | s of 
T i gadf= L p p2 
aii f ðs T as. ds, 


(f= he? + leg + Iet), and is a maximum in the direction of grad f. But 
on p. 87 we found that 


ds; = hdg? (no summation over i), 
in orthogonal curvilinear coordinates, where 
= N Bic 


" Here we prefer the symbol f for a scalar field (to avoid confusion with the angle ẹ 
in cylindrical and spherical coordinates). 
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Therefore (4.77) can be written in the form 


1 Of o LS o 1 9f o 

rad f= ———e,; + — qo 

ET mq hy ag? 

To calculate div A in orthogonal curvilinear coordinates, we use the 
definition" 


(4.78) 


div A = tims, ffa- -nds, 


choosing V to be an elementary ‘curvilinear parallelepiped” of volume 


ds, ds, ds, = h,hohty dq! dq? dq, (4.79) 





Fic. 4.17. Calculation of the flux of a vector field A through an elementary 
curvilinear parallelepiped. 


with faces perpendicular to the coordinate curves (see Fig. 4.17). To calculate 


the flux 
ffa - n d$, 
S 
we first consider the face M345, with exterior normal n = —e?. The flux 
through this face is clearly 
—A-e? ds, ds, = — A,h;h, dq* dq’, (4.80) 


where A, = A-e®. On the face 1276, with exterior normal n = e, q' 
increases by dq! and correspondingly (4.80) is replaced by 
(Ahaha F eee aq’) dq” dg’. 


1 As usual, V and its surface § shrink to some point M in an arbitrary fashion. 
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Calculating the flux through the other two pairs of faces in the same way, 
adding the resulting expressions and dividing by (4.79), we finally find that 





. 1 ð Ó 
vA m Fe - (Anh) + gi Au es (Aah) (4.81) 


(A, = A:e), A, = A-eD. 


Similarly, we can calculate curl A, starting from the formula 


V-0 


curl A - lim ffo x A d$ 


(the details are left as an exercise). The result is 


I 0 
curl A = ile (Ash) — 35 (Ash) Je 
A[e d o 
E ars - (Aui) a5 (Ashe) Je (4.82) 
+ bs . (Azha) — a; (Ait) fet 


Finally, to find an expression for 
Af = V. Vf = div grad f 
in curvilinear coordinates, we use a 78) and (4.81), obtaining 


E a |. 09 


Example 1. Yn cylindrical coordinates 
GR =p, f =z, 
h 21, =R, h-1 
(see Sec. 2.8), and hence in this case (4.78) and (4.81)-(4.83) give 








a 12 
ELEC e+ Le, 
1 13A 0A 
di bc RA) + —-—* +— 
i DT An) + R ĝọ Y oz 
curl A = (is. 94, ‘er + (ss E e 
R 0o az dz OR 
a 0Ap 
+ aloe ® A.) PG 
198 lef of 
ise) ame 
" RO R ð?  0z 
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where e? = eg, ej = €,, ej = e, is the local orthonormal basis, and A has 

components 4, = Ap, Áz = A4,, As = A, with respect to this basis. 
Example 2. In spherical coordinates 


g=R, q*—8, = pọ, 





hj —1, h-—R, hy Rsin8, 
so that 
z 1 of 1 of 
df= = —— >e 
grad f= AR êR + R39 ue ° 
. 1 2 l 0A, 
d fee R —— A, sin 
di ROR | An) + Reino a Z ssi TA ao’ 





R sin 008 


| 4g 128 
+ Laie (RA 
E sin 8 ĝo ROR | Je 


1/0 QA 
ii RU (RA) — e 


A7 gris anl 9 n) alt) + ocio]: 


where e? = eg, e) = eg, ed = e, is the local orthonormal basis and A has 
components A, = Ap, Áz = Ag, Ay = A, with respect to this basis. 


curl A = (55 (4 ae 
0 








SOLVED PROBLEMS 


Problem 1 (The Frenet-Serret formulas). Let 
r = r(s) (4.84) 


be the equation of a (directed) space curve, where r is the radius vector of a 
variable point M onthe curve and s is the arc length measured from some fixed 
point on the curve (s increases in the direction chosen to be positive). 
Suppose that with each point M there is associated a unique trihedral, 
consisting of a unit tangent c, a unit normal n and a unit binormal b, as 
shown in Fig. 4.18. Then 





dr 
gs 
ds’ 
since t and dr/ds have the same direction a Sec. 1.7.2) and 
dr) . lim e = 1. 
ds| aso] As 
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Fic. 4.18. The tangent 7, normal n and Fic. 4.19. The moving trihedral of a space 
binormal b to a space curve. curve, As M’-+M, Ihe plane P ap- 
proaches the osculating plane at M. 


The vector n is orthogonal to t and lies in the osculating plane!’ at M point- 
ing in the direction of concavity of the curve, while the binormal b is defined 
as the vector product 

b—cxn. 


We now pose the problem of finding the derivatives!? 


dv dn db 
ds’ ds’ ds 
Solution. According to Fig. 4.19, 
2 |r| gin 
Lag 2 fin lO = lim —————_ = lim aa = : ; (4.85) 
ds| asso Âs aeo As as-oAs — p 








where Ae is the angle between two neighboring tangents t(s) and t(s + As), 
and the quantity 1/e is called the curvature of the curve (p itself is called the 
radius of curvature). The vector At/As lies in the plane P whose limiting 
position is the osculating plane. Since |t| = const, dt/ds is orthogonal to c 
and points in the direction of concavity of the curve, as shown in the figure. 
In other words, dt/ds points in the direction of n. Together with (4.85), 
this implies 


D 


M --. (4.86) 
s P 

? Let M and M' be two points of the curve (4.84). Then the oseulating plane of the 
curve at M is the limiting position as M' approaches M of the plane P through the tangent 
at M parallel to the tangent at M" (see Fig. 4.19), provided this limit exists. A plane curve 
lies in ils osculating plane. 

1* Clearly, each of the vectors t, n and b is a vector function of the scalar argument s 
(the arc length). The three functions t(s), o(s) and b(s) are called the moving trihedral of the 
space curve. 
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The curvature 1/p can be calculated from the formula 














i-e cere p ene que 

e ds ds? ds? ( "m ( a5) 
Next, inspecting Fig. 4.19 again, we find that 

db Ab 2 Ib sin A 

db| L im Ât! tim ———. = tim 4¢ = 1, 

dsl sso As — aeo 2 aso As T 








where Ay is the angle between two neighboring binormals b(s) and b(s + As), 
and the quantity 1/7 is called the torsion of the curve (T itself is called the 
radius of torsion). Moreover 


db 

ds 
and hence the vector db/ds must be orthogonal to both v and b (since 
|b| = 1), i.e., db/ds and n have parallel directions. Therefore the osculating 
plane of the curve rotates about the tangent (o the curve as the point M 
moves along the curve. The torsion will be considered positive if the osculat- 
ing plane rotates in the direction from n to b as s increases, and negative if 
it rotates in the direction from b to n. It follows that 


2 x n) m qa pa 
= — (T = = n — = — 
ds as ds ds' 


"t (4.87) 


dn d db dt l 1 
— = — (b x t)= — x t + bx— =- (nxrt)+-(bx n), 
n T a a Pm 
L.e., 
LE EL (4.88) 
ds T p 
Together, formulas (4.86)-(4.88) are called the Frenet-Serret formulas. 
Problem 2. Find the torsion of the curve r = r(s). 
Solution. It follows from (4.87) that 
1 db 
- = —n*-—. 4.89 
T ds m) 


But 
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and hence 
M EE 
z 21 «(E ds] ' 
— x — 
ds ds 
so that 


Leeds d (ir, dy dr, (A, ay 
T ds  ds\ds ds ds \d? ds 

Problem 3. Find the components of the acceleration of a particle with 
respect to the moving trihedral of its trajectory. 


Solution. Let 
r — r(t) (4.90) 


be the equation of the particle's trajectory, where the parameter t is the time. 
Then the velocity and acceleration of the particle are 


Starting from (4.90), we can always find the function s = s(t) relating the arc 
length s (measured from some fixed point) to the value of the parameter t. 
Then, writing 

r = r(t) = r[s(r)], 


we have 


where v = dsjdt is the speed. Hence 


dv ds, d deds, | do 


a v+et T va 
dt dt dt dsdt t p dt 


whe > (4 *6) is used in the last step. Thus the acceleration lies entirely in the 
osculating plane, and its components with respect to the moving trihedral 
are 

_ dv jt 


= P d., = ~ 
dt i 


, a, = 0. 
e 


T 


Problem 4. Let g,(9) and g,(q) be two unit vector functions (|g,| = 
lg;| = I) which lie in the x,x;-plane and make angles o and q + 4x with 
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respect to the x,-axis (see Fig. 4.20).. Expand 
m9), Be(¢) with respect to the fixed ortho- 
normal basis i,, ip, ij, and express dgi/do, 
dg./dp in terms of g, and g,. 


Solution, By definition, 
gi(9) = i, cos o + i, sin p, 
g:(9) = —i, sin 9 + i, cos 9. 
Differentiating with respect to 9, we have 





Fic. 4.20. Illustrating the vector dg, = 2» dg: = —g. (4.91) 
functions g,(p) and &i(9). do d 

Problem 5. Find the radial and tangential 

components of the velocity and acceleration of a particle moving in the 


plane,” given that the particle's trajectory has a parametric equations 


C= r(t), P= e(t), 


where r is the radius vector of the particle, t is the time, r = |r| and 9 is the 
angle between r and the x,-axis. 


Solution. Let g;(q) and g,(¢)} be the same as in the preceding problem, 

so that r — rg,(q). Then, using (4.91), we have 

d . d : : 

= o = re ro e = ig + rogo 

dt do 
75 6 + (jg + rijg, + rp? E 
do do 
= (r— r?)g; + Qro + rög 


where the overdot denotes differentiation with respect to t. Hence the radial 
and tangential components of v and a are 


dy. : 
a = — = 
—ga m 


p, =T, v, = rọ 
and 


a, =F — ro’, a, = 2p + re =E (o), 
r 


Problem 6. A point simultaneously undergoes uniform rotation about 
the x,-axis and uniform translation along the x,-axis. Find the equation of 


!! Given a vector A in the plane, the radial component of A is the projection of A onto the 
direction of the radius vector r, while the tangential component of A is the projection of A 
onto the direction of the vector obtained by rolaling r through 90° counterclockwise. 
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the resulting helical trajectory. Find the arc length of the helix and show 
that the unit tangent to the helix makes a constant angle with the x,x,-plane. 


Solution. As in Prob. 4, let g,(o) be the unit vector making angle o with 
the x,-axis, and let r be the radius vector of a 
variable point M of the helix (see Fig. 4.21). 
Then 


r = Rgi(9) + c(9)is, 


where R is the radius of the circle representing 
the projection of the helix onto the x,x,-plane 
and c(q) is the projection of r onto the x-axis. 
By definition of the helix, 





ọ — alf, € — v, 


where M rotates about the x,-axis with constant 
angular velocity œ and simultaneously moves 
along the x,-axis with constant speed v. Therefore the equation of the helix is 


Fic. 4.21. A helix. 


r = (9) = Rg(9) + vti, = Reis) + ^ ois. (4.92) 


If v = 0, (4.92) reduces to 
r= Rg;(9), 


which is the equation of a circle of radius R in the x,x;-plane with its center 
at the origin. 
To find the arc lengths of the helix, we note that 


mt «| dr EM 9 2 vy "e 2 vv 
s= f F de = Í? /R + (7) 4o - JR 4 (Ze. 


The unit tangent t equals 








U 
= dr 7 dr dọ 7 g: + "i. 
ds dg ds 
Je+() 
« 
which implies 
= 
T- i = 2 — const, 


i.e., * makes a constant angle with the x,-axis and hence with the xx,- 
plane. 
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Problem 7. Find V(A - B). 
Solution. Clearly 
V(A:B) — V(A,-B) + V(A- B), 
where the subscript c has the same meaning as on p. 170. According to 
formula (1.30), 
c(a - b) = (a: c)b — a x (b x c) 
or 
c(a-b) = (a-c)b + a x (c x b). 
Hence, setting 
a-A,, b=B, c= V, 
we have 
V(A, - B) = (A, V)B J- A, x (V x B), 
and similarly 
V(A-B) x V(B,- A) = (B,- V)A + B, x (V x A). 
Thus, finally, 
V(A-B) — (A; V)B + (B: V)A + Ax curl B + B x curl A. (4.93) 
Problem 8. Find curl (A x B). 
Solution. Clearly 
curl (A x B) — V x (A x B) — V x (A, x B)+ V x (A x Bj, 
and moreover 
V x (A, x B) = A,(V- B) — (A,- V)B, 
V x (A x Bj) = (B,- V)A — B.(V-A), 
where we write each vector triple product in a form such that the operator 
V acts only on the vector regarded as variable. It follows that 
curl (A x B) = (B- V)A — (A> V)B + A div B — B div A. 


Problem 9. Show that the rays drawn from the foci F, and F, of an 
ellipse to an arbitrary point M of the ellipse make equal angles with the 
tangent at M. 


Solution. First we note that the gradient of the magnitude of the vector 
r 45; drawn from a fixed point A = (Xiv X29, X39) to a variable point M = 
(X1, X2, Xs) is just the unit vector in the direction from A to M, since 


Vras = VN (a — X10)” + (Xe — X2)? + (xs — Xa) 
_ (X1 — Xio)i + (xo — Xeodie + (xs — xai; — am 


V(x, — X19)? + (x) — Xap)” + (xy — xa Tam 
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The ellipse is the locus of all points the sum of whose distances from the 
foci is a constant, and hence 


TrM + TFAM — const. 


Since V(rr, M + rrm) is directed along the normal to the ellipse at M, we 
have 
Vere m) ta = — Vire m) Tm 


where Ty, is the tangent at M. Therefore 


frm’ tym Ül'"rMI ty 
Syne, a 3 
FM FPM 


, the angle between rp a and Ty equals the angle between Tp. M and 
— y. Thus, if the ellipse is made of reflecting material, a ray of light leaving 
one focus is reflected back through the other focus. 


Problem 10. Find the components of the velocity v and acceleration a 
of a particle with respect to the local basis e,, e;, e, of a system of orthogonal 
curvilinear coordinates q', q*, q?. 


Solution. The total differential of the radius vector r = r(g!, q?, q?) can 
be written in the form 


à or ar 
dr = a ft ui . P+ a ; dg? = hye, dq! + hye, da? + hse, dq? 


(recall p. 88), and hence 
dr : : : 
y= i = h,d;e + hegre, + hadses. (4.94) 


It follows, for example, that the components of v in a cylindrical coordinate 


system are 
tp =h R= R, vo = h9 = Rg, v, = h42 = 2. 


To find the components of the acceleration a, we write 


dv 1 ôr : S 
a; = a'e; = —-:— — (nọ summation over i). 
dt h,0q 
Therefore 
dt aq' ~ dV OQ p^ 04] 
But differentiation of (4.94) with respect to j* gives 
UN = he, or 
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and moreover 


dt ðq! x=1 0q*\aq' X21 OG 
3 X. Or , Odr_ v 
B PR aq* pe ðq“ dt aq 


Therefore, in (4.95) we can replace @r/0g' by dv/dg' and (d/dt)(Or[0g") by 
0v] Oq' , obtaining 


icd es Pub ee 
224 9q' 0q' dion sas) 


or finally 
PN Mi oT = E (no summation over i), 


diag ðq’ 
where 


=7 = (higi + hiji +h 393) 


is the kinetic energy of the eR (assumed to have unit mass). 


EXERCISES 


1. A particle with radius vector r has the law of motion 
r =a cos of + bsin of, 


where a, b and « are constants. Show that the force acting on the particle is 
central, i.e., is always directed toward the origin. 
2. Prove that 

r 


d _ . b d n — n—2r. d x k . 
a) gra ne ) grad r^ — nr ; €) gra = zar; 


r 
d) grad In r = 5; €) grad er) = XON ; 


f) grad (a +r) =a; g) grad [a-rp(r)] = ap(r) + (a+r) —— Ai D, 


where n, k and a are constants. 
3. Prove that 
a) divr = 3; b) div (kr) = 3k; c) div $ =0; 
d) div (r^r) = (n + Dr”; e) div [p(r)r] = 3e(r) + r'(r); 


f) div (r^c) = nr"*r*c); g)div(e xr) = 0; 
h) div [r(¢ -r)] = 4(c-r); i) div (a(c*r)] = div (c(a-r)]] =a-c; 
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j) div [(r x a) x c] = —2(a:c); k) div ((r x a) x r) = —2(a-r), 
Where n, &, a and c are constants. 
4. Prove that 

a) curlir = 0; b) curl [re(r)] = 0; c) curl [r(c-r] = e x r: 

d) curl (c x r) 22e; e) curl [ar] =a Xx c; 

f) curl((c xr) xa] =a xc; g)curl[(c xr) x r] 23e xr, 
where a and c are constants. 


5. Find the divergence and curl of the velocity field v and acceleration field a 
of a rigid body rotating about a fixed point, given that 


v—o Xr, a=exr+w X (0 Xr), 
where w (the angular velocity) and € are constant vectors. 


6. Show that the flux of the radius vector r through any closed surface .$ 
bounding a volume V equals 3V. 


7. Find the circulation of each of the following fields A = A(r) around a circle 
of radius R with its center at the origin: 


a) A = i( xj, + xi); 
b) A = Qax; + Dig + (Ex? + xy + 2). 
8. Find the flux of the field 
A = 4x Xgl — xis + Xox3ls 
through the surface of the unit cube bounded by the planes 


Xi = 0, X: = l, X3 Lad 0, Xo = l, X3 = 0, X3 =1. 
Ans. $. 


9, Find the fux of the curl of the field 
A = (x? + x; — 4)i, + 3xyxjio + (2x3 + x3jis 
through the hemisphere x? + x2 + x2 = 16, x4 > 0. 
Ans. —16r. 


10. Prove that 
curl curl A = grad div A — AA. (4.96) 


11. Starting from the formula 


AA — grad div A — cur! curl A 
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implied by (4.96), find the components of AA in cylindrical coordinates. 


Ap 2 94, 
Ans. (AA)p = AAp - Re — Rb ao? 
A, | 2 04g 
(AA), = AA, CR Tm»: 
(AA), = ôA, 
12. Find the components of AA in spherical coordinates. 
dé. 2A 24 2 29A, 


(A = eae rec mibi -mano do! 
Ans. (AA)p = SAp R OR 80 RÈ cot? R*sin9 29 
2 aA A 2cos6 24 
AA =A oou; ae MEM erac scia 
(AN e RAT R? 00 . Rsin?O  R?sin*8 ap’ 
A 2 28A 2cos0 04A 
AA), = AA — = + = — 7 + —— GL 
(AA), A R? sin? 6 * R*sin8 a 1 R? sin? 9 29 


13. What is the relation between the unit vector functions g;(), gs(9) of Prob. 4, 
p. 177 and the local orthonormal basis ep, e, (cf. p. 11) of a system of polar 
coordinates R, 9? 


14. Find the curvature and torsion of the helix (4.92). 
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VECTOR AND TENSOR 
ANALYSIS: RAMIFICATIONS 


5.1. Covariant Differentiation 


5.1.1. Covariant differentiation of vectors. Suppose a vector field A = A(r) 
has components A,, A>, Ag in a system of rectangular coordinates with 
orthonormal basis i), i;, i. Then the differential of A equals 


dA = d(Aj;) = i, dA, 


in terms of the differentials of the components of A, where di; = 0 since the 
basis i,, i, i; does not vary from point to point in a rectangular coordinate 
system. Similarly, suppose a vector A has covariant components A,, Ao, As 
and contravariant components A!, A*, A? in a system of oblique coordinates 
with basis e;, e,, e,. Then the differential of A equals 


dA = d(Aje) = e dA,, 
dA — d(A’e,) = e, dA’, 


where now de; = de’ = 0 since the bases e,, e,, €, and e!, e*, e? do not vary 
from point to point in an oblique coordinate systern.! 

On the other hand, in a system of generalized coordinates x!, x?, x3, the 
basis e,, €z, e, is local, i.e., in general each basis vector is a vector function of 
xt ax xt 

e, = exl, x?, x), e! = e'(x!, x*, xX). 


! The basis e,, €z, e, does vary from point to point unless the coordinate system is 
rectangular ot oblique (see Fig. 2.12). 
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It follows that 
dA = d(A,e’) = e! dA, + A, de’, 


dA = d(A'e;) = e; dA’ + A’ de;. 


(5.1) 


Thus, besides a term expressing the change of the components of the vector 
in going from point to point, the differential dA contains a term A, de’ or 
A? de, stemming from the fact that the basis of the generalized coordinate 
system also varies from point to point. 

Since 

QA 
dA = — dxf, 

Ox" 
(5.1) implies the following formula for the partial derivatives of the vector 
A with respect to the generalized coordinate x*: 


3 2 

apes pipe an (5.2) 

Ox* x Ox* ox" ax* 
It will be shown presently that the covariant or contravariant components of 
the vector QA/Ox* (k = 1, 2, 3) are themselves the components of a second- 
order tensor called the covariant derivative of the given (covariant or con- 
travariant) vector. The covariant derivative of the covariant vector has 
components 


OA 

— e = Ai, 5.3 

2x vk (5.3) 
while the covariant derivative of the contravariant vector has components 

2x (eram A’, (5.4) 


Example. A vector field A = A(r) is said to be homogeneous if it does 
not vary from point to point, i.e., if its magnitude and direction are constant. 
Suppose A is homogeneous. Then 


A(x!, x?, x3) = A(x! + dx!, x? + dx?, x? + dx?) 
at any two neighboring points x' and x' 4- dx', even though the components 
of A and the local basis vary from point to point. Therefore 


A = A'e, = (A' + dA'Y(e, + de,), 
and hence 
e, dÁ' + A' de, — dA' de, = 0. 


Retaining only first-order terms, we have 


e, dA' + A' de, = dA = 0, 


SEC. 5.1 VECTOR AND TENSOR ANALYSIS: RAMIFICATIONS 187 


where @A is the total differential of the vector A. Hence 


9A dx* —0 
Ox* 
or 
A‘, dx* = 
But then 
A‘, = 0 


since the increments dx* are arbitrary. In other words, the covariant deriva- 
tive of a homogeneous vector field vanishes. 

A homogeneous vector field can be regarded as the result of displacing the 
vector A parallel to itself at every point of the field. With this interpretation, 
A',, = 0 becomes the parallel displacement condition. 


§.1.2. Christoffel symbols. It follows from (5.2) and the definitions (5.3) 
and (5.4) that 


0A 0A, . , Oe! 
Gk ak 79 jay fo 
i (5.5) 
PEN LL ea de Pree 


Bearing in mind that the components of g;! = e, - e! are either zero or one, 
we have 


Slee) =0 
and hence 
de’ de, 
B TET (5.6) 
Introducing the notation 
(i jae x (5.7) 
j x 


called the Christoffel symbol of the second kind (with 27 components) and 
using (5.5) and (5.6), we find that the formulas (5.5) can be written in the 
form 


(5.8) 





According to (5.8), the covariant derivative of a vector field involves not 
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only the rate of change of the field itself, as we move along the coordinate 
curves (the terms 0A,/0x*, @A'/dx,), but also the rate of change of the local 


basis (the terms -, P s l Na’). If the basis does not vary from point 


to point (as in rectangular or oblique coordinates), it follows from (5.7) 
that all the Christoffel symbols of the second kind vanish. Then the co- 
variant derivatives A,, and A', reduce simply to 04,/d@x* and dA'/ax*, 
respectively. j| EM 

Thus the terms -Í k j4 ; and [ "ad are due entirely to introducing a 


local basis which varies from point to point. Therefore, as we now show, 
it must be possible to express the Christoffel symbols (5.7) in terms of deriva- 
tives of components of the metric tensor. 

First we note that (5.7) implies 


Qe, i 
ic ANE 9 
ax* , d it ) 





i ; : 
so that the quantities \ LÍ 27 the expansion coefficients of the vector de,/0x, 


with respect to the basis e,, ej, ey. Let the quantities [i, jk], called the 
Christoffel symbols of the first kind, be the expansion coefficients of de,/0x, 
with respect to the reciprocal basis e’, e?, e*: 


sie (5.10) 
Ox, 
Then (5.9) and (5.10) imply 
- ae; 
li, jk] =e, at (5.11) 
lijk] = Bu S | ' | = etj. (5.12) 
j kj j k 


Since 


it E E d 5.13 
Ox® Ox*Ox! = ax’ ax*® oOx! o 


(r = x'e, + x?e, -I- Xea). we see from (5.7) and (5.11) that the Christoffel 


| 


symbols , kd and [i, jk] are symmetric in the indices j and K, i.e., 
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Using the symmetry of [i, jk] and (5.13), we find that 


if o a de, de, 
= jas enm 39 6 99 7*3 -e| 


em P OB _ , 2e. —e E 
2Lax* ax? ax! * ax! 
= fate + et ager] 
Therefore 
Ogi Og 
k] = 1 (28a 4 Ex a) =[i, k 5.14 
(i, jk] = Es: + Bu — Bit) = (i ig], (5.14) 


and hence, by (5.12), 


paige- e 


Formulas (5.14) and (5.15) express the Christoffel symbols of the first and 
second kinds in terms of the components of the metric tensor of the under- 
lying curvilinear coordinate system. 
Under changes of coordinate system, the Christoffel symbol of the first 
kind transforms as follows: 
i 


"EE Uus 
[i, jk] mST ae, - ayn (tien) S à 


de Qa 
ti mon n i m į 
= etp lye 4 a,ay(€,+ e,) ax” 


Ox 


2 





= ay TORIA nm] + a ay - Bin: 


Similarly, the transformation law of the Christoffel symbol of the second 
kind is 


l ` | = «apu l | + ata” ar (5.16) 
j k m ox” 


Thus the Christoffel symbols are nor tensors. 
As already noted, the covariant derivatives A,, and A’, are second-order 
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tensors. In fact, using (5.16), we have 


(tA) 257 — A (otl MEL =) 
x i m x 


and 
QA" iy 
A’ = 
aan 


Ó ru Ox" "aT mom l 
= 3, tt AS n +aľA (= SUN ni 


l 


= a X. 


L 
ë dfe 4 = afa A, (5.17) 


where in (5.17) we have used the relation 


obtained by differentiating the identity a/a* = g;".? Thus the quantities 
A, , transform like the covariant components of a second-order tensor, and 
the quantities A', like the mixed components of a second-order tensor. 
Moreover, it follows from (5.3) and (5.4), together with 


e' = g'e, e; = gue, 
that 
Aj n= BitA'e A‘, = g"A, k 
Hence A,, and A‘, are the (covariant and mixed) components of the same 
tensor, called the covariant derivative of the vector A. 


5.1.3. Covariant differentiation of tensors. The following formulas for 
the components of the covariant derivative of a second-order tensor are a 
natural generalization of the corresponding formulas (5.5) for covariant 


* Itself another way of writing the transformation law 


A atm q.i" 
Ir —-üuü,u.g. 
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differentiation of a vector (first-order tensor): 


OT, m) m | 
dle ue Tuc: Im. 
ik.t ax! l jj mk li lj im 


x o0T* i k ; 
Te = £s Tk TU 5.18 
Tax! " | i I | om) 


LÍ K i ! m m i 
Pee Ve yore ye ee 

It can easily be shown that these quantities transform under coordina. 
changes like the components of a third-order tensor (7,,., like covariant 
components, 7'* like mixed components with two contravariant indices and 
one covariant index, etc.). The covariant derivative of a tensor of arbitrary 
order n is defined similarly: The first term is a partial derivative of the com- 
ponents of the tensor with respect to the coordinate x! (say) and the remain- 
ing terms, n in all, are sums of components of the tensor multiplied by 
Christoffel symbols of the second kind with each index of the tensor and the 
"opposite" index of the Christoffel symbol being in turn an index of summa- 
tion (if this dummy index is a subscript of the tensor it is a superscript of the 
Christoffel symbol, and vice versa). Moreover, a given sum involving tensor 
components and Christoffel symbols appears with a minus sign if the dummy 
index is a covariant index (subscript) and with a plus sign if it is a contra- 
variant index (superscript). It can be shown that the covariant derivative of a 
tensor of order n is a tensor of order n -- I. 


Example 1. The covariant derivative 


0x n n | l 
An = ik ui yt T Met + s 
k,m x" i in nk k m J in n m ak 
is a mixed fourth-order tensor, with three covariant indices and one contra- 
variant index. 


Example 2. In the case of a zeroth-order tensor, i.e., a scalar, the co- 
variant derivative reduces to the partial derivative with respect to the co- 
ordinates 


Thus the covariant derivative of a scalar f is a covariant vector, with com- 
ponents equal to the covariant components of grad f (recall Example 1, 


p. 91). 


5.1.4. Ricci's theorem. The covariant derivative of the metric tensor 
vanishes. This result, known as Ricci’s theorem, is proved by the following 
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simple calculation, based on (5.18), (5.12) and (5.14): 


o 
Bik. = Pa = er je zu n jt 





D, 
PM [i, kl] — [k, il] 
(5.19) 
= Ou MP “(= 9g. E me) 
ax! Ox! = Ox* Ox! 
EE OB st) = 
Ox! Ox! — ax* ` 
Moreover, we have 
Eix.i = SirSrs8.1 = O. 
In particular, (5.19) implies the useful formula 
ike = [i, kl] + [k, il). (5.20) 
ox! 


Because of Ricci's theorem, the components of the metric tensor can be 
regarded as constants under covariant differentiation. Thus, for example, 


6A‘, = (Bu A') x = AL. 
gal = (gi:T'") = Ti 


Te ag g" = (Tagg) = TH, 
and so on. 


5.1.5. Differential operators in generalized coordinates. Next we define 
the quantities grad 9, div A, Ag and curl A in a system of generalized co- 
ordinates x!, x?, x*: 


1) By the gradient of a scalar field o = q(x!, x?, x?) we mean the vector 
with covariant components 


2 
ax" 
Thus, introducing the "del" operator 
V=e' oe 
üx'' 
we have 
grad 9 = Vo=e' eae i (5.21) 


Ox și 
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According to Sec. 1.6.4, the physical components of Vo are 


(Vo); (no summation over i). (5.22) 


__1 99 
fg, 8x! 


In the case of orthogonal coordinates, (5.22) becomes 


in terms of the metric coefficients ^,. All the properties of the gradient 
established in Sec. 4.3 continue to hold in generalized coordinates. In 
particular, the directional derivative of ¢ in the direction / equals 


do 

ab mq, 

di x 
where / = f'e, 


2) The divergence of a vector field A = A(x’, x’, x?) is defined as the 
contraction of the (mixed) covariant derivative of A, i.e.,? 


dvd um & ¢ f i Ja. (5.23) 
ax" i j 


i : : 
The sum [ ? can be expressed in terms of the metric tensor. In 
I 


fact, using (5.12) and the symmetry of g*, we have 


i p) = e0, i = belk, 171 + C KID, (5.24) 
where 
Uk ij) + Ui, kj] = 22H 
1 1 ax! 
because of (5.20) Expanding the determinant G = det |lg,,{] with 
respect to elements of the ith row, we obtain 
G=g,G (no summation over i), 


where G* is the cofactor of g;, in the determinant G. But G* is inde- 
pendent of giy, and hence 
ac 


= GE. 
Og 
Therefore 
[E 
Wa e aho. (5.25) 
G G Ogiz 





3 Thus div A is the first invariant of the tensor A‘, (see Exercise 9, p. 132). 
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where we have used (1.52). It follows from (5.23)-(5.25) that 
1 0G og, 1 9G 1 a(./G) 
Mor mm Er 
Thus, finally, 





ða! A’ A/G) |e eae E 
div A = — 4-———— ———— (AVG 
» T VG ox  jGox UNO) 
1 A" JG Pao 
ik 4 T 
es es G = ; 
JG ax nE As re a Je ) 
where the A*' are the physical components of the vector A. In partic- 
ular, " " 
TP RR ELENA po aa 
h,h,h, 0x! h; 


in orthogonal coordinates, where A? can be replaced by 4, if the local 
basis is orthonormal. 


3) By the Laplacian of a scalar field we mean the quantity 
Ao = div grad 9. 
Combining (5.21) and ui we have 


S CE s (re uh (5.27) 


In orthogonal coordinates, (5.27) becomes 
L d (hash 29) 
huh. Ox’ h, xJ 
4) In generalized coordinates, the curl of a vector field A is defined as the 
vector product of the operator V and the vector A. Thus 





alee vasco EUM IRR (5.28) 
ax? ax? ' 





since 
DA od 
ax Dey, = ale ki 
[see (5.3)]. But it will be recalled from Secs. 1.6.1 and 1.6.5 that 
£- if i,j, k is acyclic permutation of 1, 2, 3, 
JG 
e x e* = e; . "E 7 i " 
— 78 if i, j, kis a cyclic permutation of 2, 1, 3, 
N 


0 otherwise, 
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where G = det |lg,, |]. Therefore (5.28) takes the form 


e; 
curl A = > 76 (Ay,; — Asx) 


dk 


where the indices i, j, k are a cyclic permutation of the numbers 1, 2, 3. 


Moreover, 
Ax; = 24s = | ! ^. 
ox! k j 
A; zT l d b 
and hence 
QA QA 
Ay; — Ayn — ——— 


f I I 
since l d = l. j Thus, finally, 


e, (0A, |. 0A 
curl A = Y ——[—:— zm 5.29 
Da. pr Ox* mee 

where i, j, k is a cyclic permutation of 1, 2, 3. 
Formula (5.29) leads to the following expressions for the contra- 
variant and physical components of curl A (there is no summation over 


j and k): 
; 1l (04, A 
LAY = —| 2 -— 
EDAM "eoe 22 
(V Eu(0A, OA 
(curl A)" = s — =] (5.30) . 
_ VE Uy ted H d 
JG ax? ax* i 


In the case of orthogonal coordinates with an orthonormal local basis, 


(5.30) reduces to 
(curl A), — "ni Ah) 
h,h,h, Ox ox! 


In Sec. 3.7.3 we introduced the unit pseudotensor ¢,,,, defined as 


| (no summation over j and k). 


£j, = (i; x ip) * i, 
in a system of rectangular coordinates with orthonormal basis i}, ig, ig. 
In a system of generalized coordinates with local basis €}, e, es, we 
replace this definition by 

£j = (e, X €) €, 
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so that 
4G if j,k, lisa cyclic permutation of 1, 2, 3, 
Exr=\— JG if j,k, Lisa cyclic permutation of 2, 1, 3, 
0 otherwise. 


The contravariant components c’*! then turn out to be 


1 : , ; " 
E if j, k, lisa cyclic permutation of £, 2, 3, 
v 
pro l 
— 76 if j, k, l is a cyclic permutation of 1, 2, 3, 
x 
0 otherwise 
(why?) 


In terms of the unit pseudotensor, the vector product C = Ax B 
has covariant and contravariant components 
C, = e ,A!B*, 
C' = cA A, 
(see Problem 5, p. 40), while curl A has components 
(curl A)! = e™'Ap, s 
(curl A), = g,(cur! A)! = g E A, ,. 


5.2. Integral Theorems 


The integral theorems of vector and tensor analysis are essentially rela- 
tions between the values of a vector or tensor field inside a volume and the 
values of the field on the boundary of the volume. In this sense, they are 
generalizations of the fundamental theorem of calculus 


ih -— dx — A(b) — A(a), 


expressing the definite integral of the derivative of a function in terms of the 
values of the function at the limits of integration (under the assumption that 
the derivative exists and is continuous). 

In Sec. 4.2 we proved two of the most important integral theorems of 
vector analysis, i.e., Gauss’ theorem and Stokes’ theorem, which in vector 
notation take the form 


ff [aw ^ av = I [ a-nas, 
V S 


oe 5.31 
[[n-curl A dS = $ A - dr. Cou 
n L 
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These theorems are of basic importance and are widely used in theoretical 
physics, particularly in hydrodynamics, elasticity theory and electromagnetic 
theory. Moreover, as we now show, they can be used to deduce a number 
of related integral theorems. 


5.2.1. Theorems related to Gauss’ theorem. Suppose A = co in (5.31), 
where c is a fixed but arbitrary vector and o is a scalar field. Then (5.31) 


implies 
e: (Hf grad o dV — ff gn as) = 0, 
v 


S 
since 
div (eo) = V- (eo) =c. Vo = c. grad o. 
It follows that* 


Mi grad o dV = l] on dS, (5.32) 


a relation we have already encountered [recall (4.30)]. 
Similarly, substituting A = A’ x c into (5.31), where A’ is another vector 
field and c is a constant vector, we find that 


e- JIJ curi A’ dV = "y (n x A^ dS, 


since 
div (A! x c) = V-(A'xc)—c:(Vx A) —c-curlA', 


(A' x c)-n— c: (n x A). 
Hence, since ¢ is arbitrary, 


dL (533) 


after dropping the prime. 
Finally, suppose the vector A in (5.31) has components 
Ay = Tikti» 


where 7,, is a tensor field and c is an arbitrary vector with components c,. 
Then the same argument es before shows that 


if E V = f Tans, (5.34) 
F k S 


where the n, are the components of n. 





* Since c is arbitrary, the fact that the scalar product of c with another vector vanishes 
implies that the other vector vanishes. 
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Remark. Formulas (5.32)-(5.34) all stem from the operator identity 
[Tf vc- yay = ff ac- as, 
V 


S 
where (- > +) denotes some expression (possibly preceded by a dot or a cross) 
on which the given operator acts. 


Example 1. If the field A is such that div A vanishes everywhere inside a 
volume V bounded by a surface S, then (5.31) implies that the flux of A 


through S vanishes: 
[[ ^-nas = 0. (5.35) 
5 


Example 2. If div-A vanishes everywhere except at some “singular 
point" M where the divergence is either nonzero or fails to exist, then (5.35) 
has the same value for every surface S containing M and vanishes for every 
S which does not contain M (cf. Example 3, p. 159). 


Example 3. If o = const, then, just as in Example 2, p. 167, it follows 
from (5.32) that 
[[nas 2o 
8 


for every closed surface S. 


Example 4. If the field A is such that curl A vanishes everywhere inside 
a volume V bounded by a surface S, then (5.33) implies 


[[nx4Aas eo 
s 


5.2.2. Theorems related to Stokes’ theorem. We begin by giving another 
proof of Stokes' theorem, which is less rigorous but more intuitive than that 
given in Sec. 4.2.3. Let S be a surface bounded by a closed contour L, and 
let A = A(r) be a vector field which, together with its derivatives 0A ,/dx,, is 
continuous on S$ U L. Partitioning Sinto N small pieces S, (i = 1,2,... , N), 
let n, be the exterior normal to S; at some point M, and let L, be the boundary 
of S, traversed in the direction corresponding to n, (see Fig. 5.1). Then, 





Fic. 5.1. Illustrating an alternative proof of Stokes’ theorem. 
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according to (4.57), 


(n, : curl À),;, = lim z 
§,70 S, 


. 5.3 
$ A- dr, (5.36) 
where S, and its boundary ZL, shrink to the point M,, and hence 


(n,-curlA)y S, — 6 A-dr 4- cS, 
M, i E 


where |e| can be made arbitrarily small by decreasing the size of S,. More- 
over, given any £ > 0, there is a partition of S into N = M(e) parts such that 
max eg, «t 
ISSN 
[the convergence in (5.36) is uniform). Therefore 





N N N 
| > (n, curl A)y, S; — X $ A-dr| «e» S, —eS, (5.37) 
i=l i=] L iml 


where e — 0 as N — œ. But 


N 
$$ A-dr= $, A - dt, (5.38) 


i=l "Li 
since every part of the contours L,, ... , Ly appearing in the sum on the left 
is traversed twice in opposite directions, except for the parts making up 
the contour L. Thus 


< ES, 








N 
2 (a, - curl A) x, s -$, A- dr 
ie., 


N 
lim > (n,-curl A) p, S; = $ A - dr. 


No m iml 


But the limit on the left equals 


ff n:curl A dS, 
S 
by definition, and hence, finally, 
| Í n- curl A dS = $ A- dr, (5.39) 
A : 


which is just the vector form of Stokes' theorem [recall (4.60)]. 

Just as in Sec. 5.2.1, we can now deduce further integral theorems from 
(5.39) by making appropriate choices of the vector field A. First suppose 
A = Co, where c is a fixed but arbitrary vector and 9 is a scalar field. Then 
(5.39) implies 


lj n x grad o dS — $ e dr, (5.40) 
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since 
n-curl (cp) =n. Vx (cp) = e: (nx Vg) — c- (n x grad o). 


Similarly, substituting A = A’ x c into (5.39), where A’ is another vector 
field and c is a constant vector, we find that 


eff (ax Vx A' d$ — c: $ dr x Ay, 
since z 
n. curl (A' x e) =n. Vx (A' x c)=c.((n x V) x A). 
Hence, since c is arbitrary, 


[[@xv)xads=> drx A, (5.41) 
S 


after dropping the prime. 
Remark. Formulas (5.39)-(5.41) all stem from the operator identity 


|| os mepdseg, dr: 


where (: + +) denotes some expression (possibly preceded by a dot or a cross) 
on which the given operator acts. 


Example 1. If the field A is such that curl A vanishes everywhere, then 
(5.39) implies that the circulation of A around any closed contour L vanishes.* 


Example 2. The flux of the curl of a field A through any closed surface 
S vanishes, In fact, divide S into two parts S, and S, bounded by the same 
closed contour L, and let the direction of traversing L correspond to the 
exterior normal to $, Then 


ff n-curl A dS = $ À » dr, (5.42) 
while H 
fi n:curl A dS = — $ A-dr (5.43) 
53 


(explain the minus sign). Adding (5.42) and (5.43), we obtain 
ffu: curi A as t [| n- curl A ds = 0, 
Si 


Sa 
or 


hi n:curlA dS = fÍ n- cur A as = 0. 
Si VS, S 





* Provided L can be shrunk continuously to a point without leaving the field (see 
Sec. 4.2.4). 
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5.2.3. Green’s formulas. Suppose we choose 


A= o Vy 
in Gauss’ theorem (5.31), where o and « are continuous scalar functions 
with continuous first and second partial derivatives. Then 


div A = div (9 Vj) = V (9 V4) == SV Và + Vo Vb = 9A9 + Ve: Vy, 


A-o=on- perge. 


On 
and hence (5.31) becomes 
Jff (o5 - vo-voar = ff ¢ x dS, (5.44) 
y S 


a result known as Green's first formula. Similarly, choosing 
A = ọ Vý — yVo 
in (5.31), we obtain Green's second formula 


Jf eas - y Ag) dV = [Hos a - 43) dS. (5.45) 


Formula (545). can also be obtained by interchanging « and ¢ in (5.44) and 
subtracting the result from (5.44) itself. 


Example 1. if o = i, (5.44) becomes 
Ji [o Ao + (V9] dv = j 9 e as. 


Example 2. If ẹ = const, (5.44) reduces to 


HI spav = J2 as. (5.46) 


Formula (5.46) implies the foliowi ing "s representation of the Laplacian 
operator: 


eroe: dis — les 
y-oV ~ | 
Next we prove an importi ut conseyuence of Green's second formula: 


THEOREM. Given a voluree V bounde / ^y a closed surface S, M! 
P = (Xi, X», x3) be a conti incus scalar 8 Li with ontinuous first «o1 
second partial derivatives. Then the value of 9 at any interior point My 
of V is given by 


9049 = — SSS Tae av -a di (eZ) - 198) as. 35 


nr rð 
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Proof. Let M, have coordinates xio, x», Xap, and let r be the radius 
vector drawn from Mọ to a variable point M, so that 
r= v (x — Xig)* + (xs — X29)? + (xa — x39). 


Surround M, by a little sphere of radius p with surface c lying entirely 
inside S (see Fig. 5.2), and let V' be the volume between the surfaces € 
and S. Then, setting } = ljr, V = V’ 
in (5.45),? we have 


MERK 
-peio 8) 
«(a 1] oom 


Fic. 5.2. Isolation of a singu- since, as can easily be verified by direct 

point Mo. calculation, A(l/r) — 0 except at the 
"singular point" M, where r = 0. 

The exterior normal to the inner surface of V' is just the exterior 

normal to the surface c, and has the same direction as the radius vector r. 

Therefore the second integral in the right-hand side of (5.48) becomes 


if[:26) - 159] «= J£) - t8] 
- {5 (B18) 


Passing to the limit as p — 0, i.e., as the sphere e shrinks to the point Mo, 
we have 


M a me) jrar n 
M' ^ Mo (5.49) 


Letting p — Qin (5.48) [so that V’ approaches V] and using (5.49), we find 
that 


2M 18 
4n@(M,) = - {ff tea = Jí eae AA dS, (5.50) 


which is equivalent to (5.47). 








* Like Gauss’ theorem itself, Green's formulas hold for volumes bounded by severa! 
closed surfaces (recall Remark 4, p. 139). 
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Remark, An analogous formula holds for a (suitably smooth) vector field 
A = A(r) with components 4,, Az, Ag. In fact, setting 


Ta = A (D) - 194 


Ox, Vr r Ox, 


in (5.34) and repeating the argument leading to (5.50), we find that 


tnA4M9 = — ff^ AA, dV — jf as 19A], as 


r ax, 


A(M,) = ae J| [ner — 1 ]f ^20) - ie vA] dS 


(5.51) 


or 


(concerning expressions for AA, see Exercises 10-12, pp. 183-184). 


5.3. Applications to Fluid Dynamics 


5.3.1. Equations of fluid motion. Given a moving fluid (liquid or gas) 
described by a velocity field v = v(r, 1), let V be a “material volume,” 
i.e., a volume moving with the fluid and hence always consisting of the same 
fluid particles. Then V and its surface S are in general functions of time. 
The total momentum of the volume V is 


[jf m 


while the total body force acting on V is 


ll f Í t dV, (5.52) 
V 


where f is the body force per unit mass.’ Besides (5.52), V is also subject 
to internal forces acting across its surface S. Let p, be the stress acting on an 
element of area d$ with unit exterior normal n. Then the total force acting on 
V due to the stress on S is 

fÍ paas. 

S 


It follows from Newton's second law that 
a if] pvav = [ff ef dV + ff p, as. (5.53) 
dt"; A à 


* For example, in a gravitational field, f equals the acceleration g due to gravity. 
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To transform (5.53) further, we note that 


a Landis he 


CHAP. 5 


(5.54) 


This can be seen as follows: Let V, be the volume occupied by V — V(t) 
at time t = 0, and let r = r(&, 1) be the position at time ¢ of the fluid particle 


which had radius vector E at time t = 0. Then 


ad][ mar = [If oe mo nav 
=f f| J Í ele, 0. vir, D, 1 T dV, 
- fff [e t * afar) | ^ 
-ij/f (on) + evdivv | 7 av, 


where we use the fact that? 





mer 
—[—|-divv 
dt\dV, 
* Clearly 
Ox, Ox, ax, 
06, 0&6, O6, 
dV Kxsxsx) _ | Oxy Bn Ox, 
dV, (Er, Ea Ea) a, 08, 3l’ 
Ox, Ox, Ox, 
0E, 06, OE, 
and hence 


d àx, d ex, d ax, 
dt 0, dt Æ, dt 00, 


(77) ox, Ox, Ox; doiwecsimilar teris 
—-(—)=-| = L— — wo similar 
dr\aVv, a, 8E, LI 

Ox, Ox, Ox, 

9E, 95, aE, 


(involving differentiation of the second and third rows). 


After a bit of algebra based on the properties of determinants and the formulas 


d Ox, | av, — Ov, Ox, 


au 8, E QE Oxy BE, * 
we obtain (5.55). For the details, see R. Aris, op. cit., pp. 83-84. 


(5.55) 
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Therefore 


ral wav = [fj |; pv div v| dV 
= ifj DERI ay = fff am 


in accordance with (5.54), because of the equation of continuity 
dp ; dp : dp : 
— div v — — 4 v. V div v = — + div (py) = 
d OP g ORS eae) 


[recall (4.50)].° 
Using (5.54), we can write (5.53) as 


JJ p dy = {Jf otav + ffo. ds 
4 S 
- [ff otav + ff pends 
v S 
(recall p. 67), or, in component form, 
fH p dy = fff gf, dV + ff pans dS, (5.56) 
V v S 


where p,, is the stress tensor." To obtain a differential equation describing 
the motion of the fluid, we use Gauss' theorem in the form (5.34) to trans- 
form the surface integral into a volume integral: 


[J vamas = [ff 2 av 
Then (5.56) becomes : d : 


ae ef, — Pa) dv - o. 


Since the volume V is arbitrary, we have 





dv, Opi. 
PLPM IS (5.57) 
dt " 0x, 
* Note that 
ð ð ð ð 
dp _ % Lal mad Re ee MM 
dt or ax, dt or Ox, af 


1? The tensor p,, is symmetric (see below). 
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assuming that the integrand is continuous. Here dv,/dt is the total derivative, 
which, as shown on p. 166, can be written in the form" 
du dv, Qv 
~= dp Ta 5.58 
dt at : Ox, Ox) 


Thus, finally, combining (5.57) and (5.58), we find that the motion of the 
fluid is described by the differential equation 


Ov V; Op. , 
— + n, — = : — = 1, 2, 3). 5.59 
T ef, + 2x. ( ) (5.59) 


Next we make the usual hydrodynamical assumption that the viscous 
stress tensor p,, is a linear function of the rate of deformation tensor Viy. 
Then recalling formula (2.61) and footnote 11, p. 96,!* we have 


Pac —p9a + uv T Sadi» (5.60) 


where p is the hydrostatic pressure, i. and p’ are constants of proportionality 
(called viscosity coefficients), and 


m= St = divy 
I 


[recall (2.22)). Under certain circumstances,!? it can be assumed that 


u' T ig —0, 
and then (5.60) becomes 


Puc = —p9s + Qu — Fed ade (5.61) 
If the fluid is incompressible, div v = 0 and hence 
Pix = — Pd, + 20, (5.62) 


If the fluid is at rest or if the fluid is “ideal” with no viscosity ( = 0), we 
have just 
Pix = — P8ix- (5.63) 


Substituting (5.61)-(5.63) in turn into (5.59), we deduce the equations of 
motion for three kinds of fluids: 





1 From a formal standpoint, (5.58) is an immediate consequence of the chain rule for 
partial differentiation: 
dv, Ov, | Ov, dx, — 8, M 9v, 


—=—+ LT. 
dr a ox,a r^ "3x 


u Cf. also Prob. 1, p. 126. 
?? R, Aris, op. cit., p. 112. 
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1) The ideal fluid (u = 0). In this case, (5.59) becomes 


Qv, . Ov; D op 
Pg ea Ox, — P. Ox, 
Or 
Qv V v 
Els g(v - Vv = pf — Vp (5.64) 


in vector notation. 


2) The viscous incompressible fluid (u = const z 0, div v = 0). We now 
have the Navier-Stokes equation 


Qo, Qu, op Q*v, 
T tpe —w£50—. Fes 
Par 0653. - a ax. dx, 
since 
à ð (Ow Oy 
—(2 aü)—uIÉ LI + — 
ax, Hin) = n Ox, E 2 
AGES x) UE 
Ox, Ox, Ox, \Ox, Ox, Ox, 
The vector form of the Navier-Stokes equation is 
PE e(V -v)v = pf — Vp + u v. 


3) The viscous compressible fluid (u = const Æ 0, div v # 0). In this case, 
(5.59) becomes 





dv, > o? 
Puce = Pi p> te + tu 


; 5.65 
or Ox, ax, Ox, Ox, Ox, Ox, eon) 


or 


I + g(v* Vv = pf — Vp + u Av + $u grad div v. (5.66) 


Example (Archimedes! law). The force F exerted by a fluid on a body 
of volume V and surface S immersed in the fluid is 


F = f | p. dS — f fon, dS, 


S S 


F= ff pan dS. 
S 


with components 


If the fluid is at rest (v = 0), then, according to (5.63) and (5.66), 


Pik 7 — PŠ; 
Vp = pf = eg, (5.67) 
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where g is the acceleration due to gravity (recall footnote 7, p. 203). It 
follows that 


F, — — [f pr. as 
S 


pe suse vp 


where (5.32) has been used in the last step. Substituting from (5.67), we find 


xs Per aaa || Leave 


where m is the mass of fluid displaced by the body. Thus we have proved 
Archimedes’ law, i.e., the force exerted by a fluid on a body immersed in 
the fluid equals the weight mig| of the displaced fluid and points in the direc- 
tion opposite to the force of gravity. 


or 


5.3.2. The momentum theorem. Consider a fixed volume V immersed in 
a velocity field v = v(r, r). Then the amount of fluid in V equals 


ff] orav 


This quantity changes in time, at the rate 


2 fff ova = fff nav. 
V V 
with components 
al Quero [f iom av = Hl (aa + e dV. 
Suppose there are no body forces, so that f = 0. Then determining 2p/ðt 


from the equation of continuity (4.50) and pôv,/ðt from the equation of 
motion (5.59), we obtain 


Bi Op; 
atl eu dv = jJ] |" (en) — prea + ee] dV 


Ó 
= {ff ax. (p20, — Py) dV. 
yp Ox 
Using formula (5.34) to transform the integral on the right, we find that 


2 j fj po, di = — j f (pon, — Pudn, dS = — | Í Man, dS, (5.68) 
V sS S 
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where $ is the closed surface bounding V and 


II = put — Pir 


The left-hand side of (5.68) is the rate of change of the ith component of 
the momentum of the fluid in the fixed volume V, while the right-hand side 
is minus the flux of the ith component of the tensor I, through the surface 
S. Thus IL, is the rate at which the ith component of the momentum of 
the fluid leaves V through the surface element dS whose unit normal has 
components n,, while II,, itself is the rate at which the ith component of the 
momentum flows through a unit area perpendicular to the x,-axis. For this 
reason, II, is called the tensor of momentum flux density, and in fact, the 
total momentum flux through any surface S has components 


ff Man, dS. 
S 


Remark. The momentum flux should not be confused with the flux 
[ff ov nas (5.69) 
S 


of the vector ov (the momentum of a unit volume of the fluid). As noted on 
p. 154, (5.69) is the rate at which mass is lost through S. Correspondingly, 
ev is called the (mass) flux density of the fluid." 


If the velocity field is stationary, the left-hand side of (5.68) vanishes, and 
we have the momentum theorem 


[J Tan, as = f f (ono. — padn dS = 0. (5.70) 
S S 


According to this theorem, in the absence of body forces the flux of the 
tensor 
Il; = pov, — Pix 

through any closed surface S immersed in a stationary velocity field vanishes. 

Let V be any volume immersed in a stationary velocity field, and let S 
be the surface of V. Then, in the absence of body forces, the momentum 
theorem allows us to express the total force F acting on V in terms of the 
fluid's velocity and density on S. In fact, the ith component of F is 


F, = H Dj dS, 
S 





!* Note that pv, is the rate at which mass flows through a unit area perpendicular to 
the x-axis. 
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and hence, by (5.70), 
F; = | | powin, dS, 
S 


or 
F- ff pv(v +n) dS 
S 


in vector notation. 

Similarly, in the absence of body forces, the momentum theorem can be 
used to find the force F acting on a solid body of arbitrary shape immersed 
in a stationary velocity field. Suppose the body has surface S. In the fluid 
we choose a "control surface" S,, ie., a closed surface completely sur- 
rounding the surface S (see Fig. 5.3). Applying the momentum theorem to the 





Fic. 5.3. In the absence of viscosity, the force exerted by a moving fluid 
on a body with surface 5 can be expressed in terms of the velocity, 
density and pressure on a suitable “control surface” S surrounding S. 


volume between the surfaces S and S,, we find that 


ff pan, dS + If pay AS — I pron, dS — f pov, dS, = 0. 
s So s So 

The first integral is the ith component of the force exerted by the body on the 

fluid, and hence its negative is the ith component F, of the force exerted by 

the fluid on the body: 


F= — ff Pun, dS. 
S 


The third integral vanishes since v - n = v,n, = 0 on the surface S (no fluid 
flows through the surface of a solid body). It follows that 


F, = ff (Da — PYY), dS,. (5.71) 
So 
Thus to find the force acting on a solid body immersed in a stationary flow, 
we need only take some surface S,, which can be chosen for its experimental 
convenience, and then measure the surface stresses and the fluid's velocity 
and density on So. 
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In the absence of viscosity, 
Pa —p3u 
{recall (5.63)) and (5.71) takes the particularly simple form 


pee Í} (pn; + pu,o,ny) dS, 
So 
or 
F = — [J| (pn + evtv - m] dS, (5.72) 
So 
in vector notation. Thus, to find the force acting on the body in this case, 
we need only measure the velocity, density and pressure on the control 
surface. 


5.4. Potential and Irrotational Fields 


Suppose a vector field A = A(r) is the gradient of a (single-valued) scalar 
field : 
A= grad ọ = Vo. (5.73) 


Then A is said to be a potential field, and ¢ is called the (scalar) potential of 
the field A. Clearly, the potential o is defined only to within an additive 
constant. In rectangular coordinates, a po- 
tential field A has components 


a 
dem A,= T A; = L—. 
Ox, OX, OX, 
The great importance of potential fields stems 
from the fact that they are completely speci- 
fied by a single scalar, namely the potential. 





THEOREM |. /f a field A has a single- — Fio. 5.4. The line integral of a po- 


valued potential, then the value of the line tential field A is independent of the 
integral path of integration and vanishes if 

i M dioi the path of integration is closed. 
Mo 


is independent of the path of integration, and depends only on the end points 
M, and M of the path (see Fig. 5.4). 


Proof. If is the potential of A, then 


M E NN a9 9e a9 
Arde = [i Ve dr = iiss (52 a Tu vL dub v dxa) 


= |Y dọ = (M) — «M. 
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COROLLARY. If a field A has a single-valued potential, then the line 
integral of A along any closed contour L vanishes. 


Proof. We need only note that 


fa -dr = f Vo - dr = o(M,) — (Mo) = 0. 


Remark. If a force feld has a single-valued potential, then calculation of 
the work done by the force simply involves finding the potential diference 
between the end points of the path. Hydrodynamical problems become 
much simpler if the velocity field of the moving fluid is potential, since we 
can then use powerful methods like the theory of functions of a complex 
variable (in the case of two-dimensional flow). 


THEOREM 2. A necessary and sufficient condition for a vector field A 
occupying a simply connected region R to be potential is that A be irrota- 
Lional, i.e., that 

curl A = 0. 


Proof. Suppose A is potential, so that A= Vo. Then 


2 8. ə 
curl A = curl Vọ = | x, Ox, Ox, 
a9 ap aD 
Ox, Ox, Ox, 


[recall (4.58)]. It follows that 


2 2 2 
curl A= i( “2 — af ) +i E- a9 ) 
Ox,0x,; Ox, Ox, Ox,0x, Ox, Ax, 
2 2 
Ox, 0x,  OXx2 Ox, 
where we assume that o has continuous first and second partial deriva- 
tives. This proves the necessity. 

To prove the sufficiency, let L be any closed contour in the region R 
occupied by the field A, and suppose curl A = Oeverywhere in R. Then, 
since R is simply connected, L is the boundary of some surface S lying 
entirely in R (sce Sec. 4.2.4). Hence, by Stokes’ theorem, 

















$ A- dr = |f n- curi A dS — 0, 
S 


Since L is arbitrary (in A), it follows that given any fixed point Mo, 
the line integral 


M M 
[KA + dr =f A dx, + As dx, + Ay dx, 


SEC. 5.4 VECTOR AND TENSOR ANALYSIS: RAMIFICATIONS 213 


is independent of the path of integration and is a function only of the 
variable point M = (x, x;, x3). Denoting this function by 9(x,, xs, X3), 
we have 


ð 
= = 1,2,9). (5.74) 
Ox, 
In fact, 
99 fon ro | aa ‘de= Jaca : ar) 
Ox, Azio Ax, |Mo Mo 
= lim —L- [ataa Lar (5.75) 


Azj-0 Ax, (zy .24.73) 
zx f oo A «dr = lim — A, dx,, 
Áz,—0 Ax, °? | az,20 Å a i 


where c is the line segment joining (x,, xs, E to (x, + Ax,, X2, x4). But, 
by the mean value theorem for integrals, 


1 
lim A, dx, = lim — A(x, + 9 Ax,, x,, xg) Ax,, 
Jim cL HM az -9 Ax, An t Xa X) Ax, 

where 0 < 8 < Ax, i.e., 
lim — Lf A, dx, = A,(%, Xe Xs), (5.76) 
4z,~-0 Ax, "9 


by the continuity of A (recall p. 135). Together (5.75) and (5.76) imply 
(5.74) for i = 1, and the proof is similar for i = 2, 3. Hence A is a 
potential field, as asserted. 
5.4.1. Multiple-valued potentials. If the region R occupied by the field 
A is multiply connected, then there exists at least one closed contour L 
which is not the boundary of any surface lying entirely in R (see Sec. 4.2.4). 
In this case, we can no longer use Stokes' theorem to deduce that 


f A -dr — 0, 
and in fact it may turn out that 
d A. dr = c #0. 
L 


If so, it is no longer possible to construct a single-valued potential 9 such 
that A= Vo, since the integral 


M & . dr (5.77) 


wil! no longer be path-independent. To see this, let M' be a point of L 
distinct from M, and M’, let / be a path joining M, to M’ and let l’ bea path 


214 VECTOR AND TENSOR ANALYSIS: RAMIFICATIONS CHAP. 5 


joining M' to M (draw a figure). Then 
[Adr x [^4 = fA . dr + f A Tn {Acar doe 


where, for example, / + L + l' means the path going from M to M' along /, 
then from M” to M” along L, and finally from M’ to M along l’. Thus the 
value of (5.77) depends on the path joining M, to M, i.e., we can talk about a 
“potential” 


ọ= [i^ ‘dr 


only if 9 is allowed to be multiple-valued. 


Example. According to the Siot-Savart law, a current J (measured in 
electromagnetic units) flowing in an infinite 
straight wire along the x,-axis produces a 
magnetic field 


H= zi i; xr (5.78) 
r 
(measured in oersteds), where 


r= xil, + Xiz, raVxt+ x2 


It follows that 








H, = —27 2, 
i x? + x 
x 
H,-21——L—, 
d xi + oxi 

H, = 0. 


Fic. 5.5. The potential of the ; 
magueli fed. H dus-io-ap The field H is defined everywhere except on 


electric current in an infinite the *s-axis where r = O (see Fig. 5.5). There- 
wire is multiple-valued. fore the field occupies a doubly connected 
region, i.e., all of space minus the x-axis. It is 
easily verified that curl H = 0 everywhere except on the x-axis, where curl H 
is undefined (like H itself). 
The field H can be derived from the multiple-valued potential 


9 = UM arc tan 2, (5.79) 
Xi 
since 
X; 1 
2 
99 — x -=H TE i -= Hy, 2 =0= H, 
ex, pu (8 Xs T (5) Ox, 
Xi xy 
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If L is a closed contour surrounding the x-axis, then 
jn - dr = 21 $ Ve - dr, 
where 9 is given by (5.79). Therefore 


$n - dr = 2I x (the change in polar angle in traversing L), 


jn - dr = 21: 2x = 4nd, 


even though curl H = 0 everywhere in the region occupied by the field! 
In other words, if we start from a point M, in the field and go around the 
wire once in the counterclockwise direction (see Fig. 5.5), we return to Mo 
with a new value of the potential exceeding the old value by 4n. 


Remark 1. The gradient of a single valued potential cannot have closed 
trajectories, since if L were closed, we would have 


$ Ve : dr = the change in 9 in traversing L + 0. 


On the other hand, the gradient of a multiple-valued potential can have 
closed trajectories (see Fig. 5.6), as in the case of the magnetic field (5.78). 


ve 


(a) (b) 


FiG. 5.6. (a) The gradient of a single-valued potential cannot have closed 
trajectories; (b) The gradient of a multiple-valued potential can have 
closed trajectories. 


Remark 2. A multiple-valued potential can always be made single- 
valued by enlarging the boundary of the multiply connected region occupied 
by the field in such a way as to make the region simply connected. The 
new boundary then excludes closed contours which cannot be shrunk to a 
point without leaving the region (recall Fig. 4.5, p. 144). Once the region has 
been made simply connected, it follows from curl A = 0 that A is a potential 
field in the ordinary sense, i.e., A= Vo where the potential ọ is single- 
valued. 


216 VECTOR AND TENSOR ANALYSIS: RAMIFICATIONS CHAP, $ 


5.5. Solenoidal Fields 


Suppose a vector field A = A(r) is the curl of another vector field 
$ = P(r): 
A = curl = V xo. 
Then A is said to be a solenoidal field, and ® is called the vector potential 
of the field A. Clearly, the vector potential ® is defined only to within the 
gradient of an arbitrary function f, since $’ = $ + grad f implies 


curl $ = curl $ + curl grad f = curl ® 
and hence 
A = curl ® = curl ®’, 


In rectangular coordinates, a solenoidal field A has components 


ob, ð$, 
ÁA,—I———, 5.80 
| Ax, OX, (2:90) 
ðb, do, 
ÁA2———, 5.81 
?^ ax, ôx ey) 
NL RUIN (5.82) 
Ox, OX, 


THEOREM 1. A necessary and sufficient condition for a vector field A 
to be solenoidal is that the divergence of A vanish: 
sive Os A og, (5.83) 
Ox, Ox, OX, 


Proof. Suppose A is solenoidal, so that A = curl b. Then 
a (205 28) , 2. (20, _ 20, 


div A = div curl Ẹ = — 


Ox, NOx, Ox; Ox,\ Ox, — Ox, 
1 (R29) Le 
Ox4\0x, OX, 


where we assume that the components of ® have continuous first and 
second partial derivatives. This proves the necessity. 
To prove the sufficiency, let ®, be an arbitrary function of x,: 


$4, = f(x). 
Then, integrating (5.82) and (5.81), we obtain 


$, = (A dx, + (xs. Xa), 


~ 


®, = — f Ag dx, + (Xs, x3), 


~ 
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where the functions o and (j must satisfy a condition implied by (5.80) 
but are otherwise arbitrary. Substituting these expressions for P, and P, 
into (5.80), we find that 


_ (8A; Oy [904 09 
A, — - [£3 4x, + — - | Jx, 3 Ox, 
But (5.83) implies 
_ _ (84s 04; 
A, = sm dx, = f ox dx,. 
It follows that 
9$ Op 


5.84 
Ox, Xs (5.84) 


In other words, the vector ® with components 


I(x), j^ dx, + q(Xs, x3), - f4: dx, + d(xs, Xs), 


subject to the condition (5.84), is a vector potential for the field A. Hence 
A is a solenoidal field, as asserted. 


Example. Let v = v(x,, x2) be the stationary velocity field of an in- 
compressible fluid flowing in the xjx,-plane. The trajectories of the field 
v, called streamlines, satisfy the differential equation 


uu dx; — Ds dx, = 0 (5.85) 


[cf. (4.33)]. Since the fluid is incompressible, 


ia 9 d 
Ox, OX. 
and hence 
vy  _ 90s 
Ox, OX, 


But this is just the condition for the left-hand side of (5.85) to be the total 
differential of some function c(x;, x): 


J 4 
Uu dx, TEM Vo dx, = gv dx, EE ov dx; 
ax, OX, 
It follows that 
o oU 
v = — vp = — —, 
OX, Ox, 


where the function +, called the stream function, is constant along the 


218 VECTOR AND TENSOR ANALYSIS: RAMIFICATIONS 


Streamlines. Therefore v is a solenoidal field with vector potential 


de = iss. 

In fact, we have 

h ip ls 

cur] $ = ELE ae oD ey Lee 

Ox, Ox, 0x, Ox, X, 

0 0 y 
Note also that 

v= Vi xi, 
and 
curl v = —i, Ad. 


CHAP. 5 


Given a closed contour Z in a vector field A, the surface formed by the 
trajectories of A going through Z is called a vector tube, and the flux of A 
through any cross section of the tube is called the intensity of the tube. 


The last definition relies on 


THEOREM 2. The intensity of a vector tube of a solenoidal field A 





(a) (b) 


Fic. 5.7. (a) The intensity of a vector tube 

of a solenoidal field is constant along the 

whole tube; (b) A vector tube of a solen- 

oidal field cannot begin or end at a point 
of the field. 


is constant along the whole tube. 


Proof. Applying Gauss' the- 
orem to the volume bounded by 
two cross sections S, and S, and 
by the surface c of the tube 
between S, and S, [see Fig. 
5.7(a)), we have 


f[f sv av [f a-ods 


- [fA-nds, + [{ A-ndS,, 
Si "S; 

The integral on the left vanishes, 
since div A = 0. The first inte- 
gral on the right also vanishes, 
since A is perpendicular to n on 
the surface of the tube and hence 


A - n|, = 0. Therefore, replacing n by —n in the second integral (so that 
the flux through S, is calculated in the same direction as that through S,), 


we find that 


[f A- nds, 91 peas 


Sı S 
as asserted. 


SEC, 5.6 VECTOR AND TENSOR ANALYSIS: RAMIFICATIONS 219 


COROLLARY. The vector tubes of a solenoidal field can neither begin 
nor end inside the field. Hence there are only three possibilities: 

1) The tubes are closed; 

2) They terminate on the boundary of the region occupied by the field, 

3) They go off to infinity (if the field is unbounded). 


Proof. Suppose a vector tube terminates at a point M inside the field, 
as shown in Fig. 5.7(b). Then [A| must become infinite at M, since the 
cross section of the tube vanishes at M although its intensity remains con- 
stant. But this is impossible, since A is continuous at every point of the 
field, as assumed on p. 135. Moreover, the tubes cannot terminate in a 
cross section of finite area S, inside the field, since this would again 
contradict the continuity of A. 


5.6. Laplacian Fields 


A vector field A = A(r) is said to be Laplacian if 
curl À — 0, divA=0 


at every point of the field. Thus a Laplacian field is both potential and 
solenoidal. In a simply connected region a Laplacian field is completely 
determined by a scalar potential ¢ satisfying Laplace's equation 


Ag = 0. 


In fact, curl A = 0 implies A = Vo in a simply connected region, and then 
0 = div A = div Vo = Ag. 


5.6.1. Harmonic functions. A continuous function o with continuous 
first and second partial derivatives is said to be harmonic if it satisfies 
Laplace's equation Ag = 0. 


Example 1. The functions 
€, ax, + bx, + cx, xX? — Xj, XiXe  XiXsXg 
are all harmonic, and so is 
(x? + "(a sin (k arc tan *2) + bcos (^ arc tan a} . 
Xi Xx, 

Example 2. The function 
€ ee 
Vitto 
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is harmonic everywhere except at the origin (7, = 0). In fact, 


Oo fly OX o? " 3x2 — r? 
21) p oxi 2 | roc 
and hence 


1 a ə /1 enu 3x? + 3x3 + 3x? — 37’ 
af mise uou E cy 
[js b Neale) si) E 


Example 3. The function 
In Vx? + x? 
(but not In V x? + x? + x3) is also harmonic everywhere except at the origin. 
We now prove a number of important properties of harmonic functions: 


1) The integral of the normal derivative of a harmonic function | over 
a closed surface S vanishes if the function is harmonic everywhere in 
the volume V bounded by S. This follows at once from the identity 
(5.46), which reduces to 


oy 
Ve 


if 4j is harmonic (Av = 0) in V. 
2) It follows from (5.45) that the functions p and Y satisfy the relation 


oU 0e 
[fotas - [f, tas 
on a closed surface S if the Ramus are harmonic in the volume V 
bounded by S. 


3) A function q harmonic in a volume V can be expressed in terms of the 
function and its normal derivative on the surface S bounding V. ln 
fact, if ọ is harmonic (Ag = 0), formula (5.47) reduces to 


«My = — = | f [ez - aed ds. (5.86) 


4) If the surface S in (5.86) is a sphere S, of radius p with center at the 
point Mp, then 





(5.87) 


e 


e(M,) = 4 


since 
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5) 


6) 


by Property 1 and 


2 ; NE | 
On (- s, On (: 
According to (5.87), the value of a harmonic function @ at a point M, 


is the average of its values on any sphere with center M, lying in the 
region where o is harmonic. 


rep e 








1 
-3 


A nonconstant harmonic function harmonic in a region R can have 
neither a maximum nor a minimum in R. In faci, suppose o =Æ const 
has a maximum at a point M, in R. Then, by the continuity of o, there 
is a sphere S, of radius p and center M, lying entirely in R such that 
9e (M) < p(Mo) for every point of S, and 9(M) < 9(M,) for some 
points of S,. But then 


e(My) = — 


Ano? 





[[eaM < M9. 
Sp 


which is impossible. Since — y is also harmonic in R, — 9 cannot have 
a maximum in R, i.e., o cannot have a minimum in R. 


If e is harmonic in a volume V bounded by a surface S and if 9 = c = 
const at every point of S, then 9 = c at every point of V. In fact, 
setting o = c in the right-hand side of (5.86), we obtain 

rp dS 


c 
"act ee 


where M, is any interior point of V. But 


1 ds 
—{/—=1, 
4n JJ r? 
as we see at once by substituting the harmonic function p = 1 in both 


sides of (5.86). It follows that 9(M,) = c and hence ọ =c in V, 
since M, is arbitrary. 


7) Laplace's equation Ap = 0 has a unique solution in a volume V taking 


8) 


given values on the surface S bounding V. To see this, let 9, and 9; 
be two harmonic functions taking the same values on S. Then 
P = Pı — 9s is also harmonic (by the linearity of Laplace's equation) 
and vanishes identically on S. But then, by Property 6, 9 =0 in V 
and hence p, = q; in V. 


If q is harmonic in a volume V bounded by a surface S and if 9q|Ón = 0 
at every point of S, then q = const at every point of V. In fact, setting 
9 = v in (5.44), we obtain 


JJfteas + wordy - [fo^ as, 
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which reduces to 
Jf Joy av — o, 
since : 


Ao z0in V, oP uon 
ðn 


It follows that Vo = Qin V and hence ọ = const in V. 


9) If pı and 9, are two solutions of Laplace's equation in a volume V 
whose normal derivatives take the same value on the surface S bounding 
V, then 9, and 9, can differ only by a constant. In fact, p = 9, — 9s 
satisfies Laplace's equation in V, while 


vanishes identically on S. It follows from Property 8 that » = const 
in V, i.e., 94 = 9s + const in V. 


5.6.2. The Dirichlet and Neumann problems. The problem of solving 
Laplace's equation 
Ao —0 
in a volume V, subject to the boundary condition 
ls = fn, Xes x3) 


on the surface S bounding V, is called the Dirichlet problem. According to 
Property 7 above, such a function ọ, if it exists, is unique. On the other 
hand, the problem of solving Laplace's equation subject to the boundary 
condition 
9e 
Onis 


is called the Neumann problem. According to Property 9, such a function 9, 
if it exists, is determined only to within an additive constant. 


= f(Xi, Xs, Xa) 


Example. Consider a stationary velocity field v describing an irrotational 
flow of an incompressible fluid. Since curl v — 0, we have 


y — Vo, 
where the velocity potential o is harmonic since 


div v = div (V9) = Ag = 0. 
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The normal component of v must vanish on the surface S of any solid body 
immersed in the flow, i.e., 


vo vincas Vo - TÉ = 0ons. 
n 


In the case of two-dimensional flow, we have a vector potential 


© = i}, 
where d is the stream function and 
oy oy 
i ax,” iim Ox, 
(see the example on pp. 217-218). Since curl v = 0, it follows that 
Ay = 0. 


The function } must take a constant value on any rigid contour, since any 
such contour must be a streamline. Thus the velocity potential o is the 
solution of a Neumann problem, while the stream function ¢ is the solution 
of a Dirichlet problem.!5 


5.7. The Fundamental Theorem of Vector Analysis 


We now prove the following key 


THEOREM (Fundamental theorem of vector analysis). Let A — A(r) 
be a continuous vector field with continuous divergence and cur], such that 
JA] falis off at infinity like 1{r'** while |div A| and |curl A| fall off at infinity 
like 1[r*** where € > 0. Then A has a unique representation (to within 
constant vectors) as a sum of a potential field A, = A,(r) and a solenoidal 

field A, = A,(r), i.e., 


A = A, + Ag, 
where 
curl A, = 0, div A, = 0. (5.88) 
Proof. First we construct A,. It follows from (5.88) that 
div A = div A,, curl A = curl À,, (5.89) 
so that 
curl A, = 0, div A, = div A. (5.90) 


The first of these equations implies 


A, = Vo +c, 





1: [n the two-dimensional case, these problems are often solved by the method of 
conformal mapping. 
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where c, is a constant vector and ọ is a single-valued potential (we 
assume that the region occupied by A and hence by A, is simply con- 
nected). The second of the equations (5.90) then gives 


div ( Vo + €) = div A, 
or! 
Ago = div A. (5.91) 


Thus the constant vector c, plays no role in determining the potential o. 
To solve (5.91) for o, we use formula (5.47), where V is all of space (in 
the limit). The functions o and @p/@n both approach zero at infinity, 
with Qo/On going to zero faster than l/r. It follows that the surface 


integral 
o /1 1 do 
Tp ---las 
file 5.) r A 


vanishes in the limit as V becomes all of space, so that (5.47) reduces to 
l div A 
= — — — dy 
T 4n J J J r 
(here div A is regarded as known). It follows that 


eNotes E grad [fA av + e. — (592) 
V 


Next we construct A,. According to (5.88) and (5.89), 
div A, = 0, curl A; = curl A. (5.93) 
The first of these equations 
A, = curl ® + c,, (5.94) 


where c; is a constant vector and ® is a vector potential. Since ® is 
determined only to within the gradient of an arbitrary function f (recall 
p. 216), ® can be subjected to the extra condition"? 


div ® = 0. (5.95) 
Substituting (5.94) into the second of the equations (5.93), we obtain 
curl (curl ® + c,) = curl A 





1$ An equation like (5.91), of the form Ag = f(r), is called Poisson's equation. If 
f(t) = 0, Poisson's equation reduces to Laplace's equation. 

7 [n fact, if div ® = y 4 0, we need only replace ® by & + grad f, where f satisfies 
the Poisson equation Af -= —y, since then 


div(® + grad f) = div $ + Af =x -x = 9, 
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(the constant vector c, plays no role in determining the vector potential 


$). Thus 
curl curl ® = curl A, 


which implies 
Ad = —curl A (5.96) 


because of (4.96) and (5.96). Just as we used (5.47) to solve (5.91) for o, 
we can use (5.51) to solve for ®, obtaining’® 


*- Lift 


and hence 
A= + curl f [ [ 995 ay + (5.97) 
* án P r x : 


Combining (5.92) and (5.97), we finally have the representation 


AAA -a maf [f A av + ref [975 ax 
(5.98) 


where the constants c, and c; have been dropped since A is assumed to 
vanish at infinity. By construction, A, is a potential field (curl A, — 0), 
while A, is a solenoidal field (div A, = 0). 

We must still prove the uniqueness of the representation (5.98). 
Suppose A has another representation A = A, + A, where curl 
A; = 0, div A, = 0. Then, since div A = div A, = div A,, we have 


div (A, — Aj) =0, curl (A, — A) = 0. 
Similarly curl A = curl A, = curl A;, and hence 
div (A, — A) 2 0, curl (A, — Aj) = 0. 


But then the same argument leading from (5.90) and (5.93) to (5.92) and 
(5.97) shows that 


A, — Aj = gq, A, — Å; = €; 
where c, and c, are constant vectors. Thus the representation A = 


A, + A, is unique to within constant vectors, and the proof of the 
theorem is complete. 





1* The surface integral vanishes for the same reason as before. 
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Remark. Roughly speaking, the sources and sinks of the given field A 
all appear in A, (since div A = div A,), while all the *'vorticity" of A appears 
in A; (since curl A = curl A). 


5.8. Applications to Electromagnetic Theory 


5.8.1. Maxwell's equations. Just as nonrelativistic mechanical phenomena 
are described by Newton's equations, electromagnetic phenomena are 
described by a set of four equations called Maxwell's equations. An electro- 
magnetic field is characterized by two vector fields (both time-dependent in 
general), the electric field E = E(r, t) and the magnetic field H = Hir, t). 
The charges and currents producing the electromagnetic field are themselves 
characterized by two fields (one scalar, the other vector), the charge density 
e = e(r, t) and the current density j = j(r, r). 

We begin by considering electromagnetic phenomena in vacuum. Then, 
regardless of the charge and current distributions, it is an experimental fact 
that the electric and magnetic fields are related by Faraday's law of induction 


12 
LL s (5.99) 


where c = 3 x 10!° cm/sec is the velocity of light and S is any surface 
bounded by a closed contour L. According to (5.99), the rate of change of the 
flux of the magnetic field through a surface "supported" by a contour L 
equals minus the electromotive force around L, i.e., the circulation of the 
electric field around ZL. Moreover, the magnetic field always satisfies the 
relation 


[[H-» ax — o, (5.100) 


where 2 is an arbitrary closed surface. In other words, the flux of the 
magnetic field through any closed surface vanishes. 
Applying Stokes' theorem (5.39) to (5.99), we obtain 


a 
za [JB nds = aaj poole 


or 
JIGI + cure) -nds - o. 
j^ c ôt 





!* We will use Gaussian units, in which electric quantities (like E and ?) are measured 
in electrostatic units, while magnetic quantities (like H and j) are measured in electro- 
magnetic units, 
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But S is arbitrary and hence 
e = —c curl E. (5.101) 


Similarly, applying Gauss’ theorem (5.31) to (5.100), we find that 


J) Jaw av =0, 


where V is the volume bounded by 2, and hence 
div H = 0, (5.102) 


since V is arbitrary. Equations (5.101) and (5.102) are two of the four 
Maxwell equations (the homogeneous pair). They are the differential forms 
of equations (5.99) and (5.100).** 

The relation between the fields E and H and the charge and current 
densities p and j is given by the following two experimental laws: 


gı [JE nas = ef H- anf fi nas. (5.103) 


[JE-ndz = 4x[ | fe av. (5.104) 
E V 


Here S is again any closed surface bounded by a closed contour L, and È is 
any closed surface bounding a volume V. According to (5.103), the rate of 
change of the flux of the electric field through a surface S "supported" by 
a contour L equals c times the magnetomotive force (i.e., the circulation of 
the magnetic field around L) minus 4x times the flux of the current density 
through S. Similarly, (5.104) states that the flux of the electric field through 
any closed surface equals 4x times the charge enclosed by the surface. 

To get the other two Maxwell equations, we apply Stokes’ theorem to 
(5.103) and Gauss' theorem to (5.104), obtaining 


2 ff nds — c f[n-cuit dS — 4x |f j-nds 
Ot. s S 


JI ase |] ea 


It follows that 


= = c curl H — 4nj, (5.105) 
div E = 4np, (5.106) 





*? Alternatively, we might have regarded (5.101) and (5.102) as given and then deduced 
(5.99) and (5.100), called Maxwell's equations in integral form. 
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since S and V are arbitrary. Equations (5.105) and (5.106) are the remaining 
two Maxwell equations (the inhomogeneous pair). 
So far we have only considered electromagnetic phenomena in vacuum. 

In the presence of a medium with dielectric and magnetic properties, two 
more vector fields are needed to complete the description of the electro- 
magnetic field, the polarization P = P(r, 1), equal to the electric moment 
per unit volume, and the magnerization M = M(r, t), equal to the magnetic 
moment per unit volume. Alternatively, the effect of polarization and 
magnetization can be taken into account by defining two new vector fields, 
the electric displacement 

D =E + 4nP 
and the magnetic induction 

B =H + 41M. 


It then turns out that Maxwell's equations (5.101)-(5.102), (5.105)-(5.106) 
in empty space (vacuum) are replaced by 


Leer E, — (5107) 
or 

div B = 0, (5.108) 
oD = c curl H — 4nj, (5.109) 
Or 

div D = 4p (5.110) 


in a medium with dielectric and magnetic properties. 


Remark. The relations between the various fields E, D, B, H and j that 
hold in media other than empty space are called constitutive relations. For 
example, 

D = E, B= uH 


in a medium of dielectric constant e and magnetic permeability u, while in a 
medium of conductivity c we have Ohm's law 


j= GE. 


Constitutive relations of a more complicated kind are often encountered, in 
particular in anisotropic media where, for example, e may be a tensor (recall 
Example 2, p. 110). To solve an electromagnetic problem involving media 
other than empty space, Maxwell's equations (5.107)-(5.110) must be 
supplemented by the relevant constitutive relations. 


5.8.2. The scalar and vector potentials. In electromagnetic theory, a 
very important role is played by two auxiliary functions, the scalar potential 
9 = q(r, 1) and the vector potential A = A(r, t). Confining ourselves to the 


SEC. 5.8 VECTOR AND TENSOR ANALYSIS: RAMIFICATIONS 229 


case of empty space (so that D = E, B = H), we begin by considering the 
homogeneous Maxwell equations 


my c curl E = 0, (5.111) 


div H — 0. (5.112) 


Since the divergence of the curl of any vector vanishes, we can satisfy (5.112) 
by setting 
H = curl A. (5.113) 


Then, substituting (5.113) into (5.111), we obtain 
curl P LL E) =0. (5.114) 
c ài 


Since the curl of the gradient of any function vanishes, we can satisfy (5.114) 
by setting 


E+ 194. —Vo 
cot 
or 
Rect Og, (5.115) 
c àt 


where 9 is an arbitrary function of r and ¢. It should be noted that replacing 
A by 


A+ Vf (5.116) 
and q by 
1 of 
nsa 5.117 
c ài ) 


where f is an arbitrary function of r and ¢, has no effect on the fields E and 
H, since 


:D05.3(,:19).. 191.098. gaat 
c et c Ot t 


while 
curl (A + Vf) — curl A + curl grad f = curl A = H. 


Next we substitute (5.113) and (5.115) into the inhomogeneous Maxwell 
equations 


JE = c curl H — 4zj, 


div E = 4n. 
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This gives the following equations satisfied by the scalar and vector po- 
tentials: 


x A — ve = c curl curl A — 4j, (5.118) 
div (- 194 — ve = 4np. (5.119) 
c at 


To simplify (5.118) and (5.119) further, we impose the Lorentz condition 
dA OP ep 
c 9t 


on the potentials A and q. This entails no loss of generality, since we need 
only choose the arbitrary function f in (5.116) and (5.117) to satisfy the 
equation 


div (A e vp) +i S(e— 29) =0 


cot c àt 
or?! 
| of 1 do 
Af — — — = —dvA—--—, 5.120 
f cof i c ot ( ) 


Using (4.96) and the Lorentz condition, we transform (5.118) and (5.119) 
into 


1 J'A 4n 
AA — — — = — — j, 5.121 
cor € : ( ) 
and 
1 a’ 
aor dne (5.122) 


An equation of the form (5.120)-(5.122) is called an inhomogeneous wave 
equation. In terms of the D’ Alembertian operator 


1 2 
D2A-4Z, 
c* oit 
(5.121) and (5.122) take the form 
af 5. (5.123) 
€ 
Op = —4n9. 


5.8.3. Energy of the electromagnetic field. Poynting’s vector. First we 
consider the case of empty space. Adding the scalar product of (5.101) with 





*! The solution of equations (5.120)-(5.122) is discussed in Prob. 10, p. 242. 
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H to the scalar product of (5.105) with E, we obtain 
ES 4 HF cg. cur H — 4nj:E — cH: curl E. (5.124) 
t 
Noting that 


div (E x H) = H » curl E — E » curl H, 
we can write (5.124) in the form 
oE + H? . fe 
z ———— = -div | ~ (E x H)| — j- E. 
ð Br i | " 
After integrating over an arbitrary volume V, this becomes 


2 [| E+E av = fffaiveav— ffi Eav, (5.125) 
pe 8 v y : 


P= x: (E x H). (5.126) 


where 


Using Gauss' theorem, we can write (5.125) in the form 


2 2 
le "EN xL a dean (5.127) 


where S is the surface bounding the volume V. lf P = 0 and j = 0, the 
integral in the left-hand side of (5.127) is a constant. It represents the 
energy of the electromagnetic field, distributed with density? 
E? + H? 
8n 
In the general case where P Æ 0 and j #0, (5.127) states that the rate of 
change of the energy of the electromagnetic field inside V equals the flux 
of the vector P across S into V minus the rate at which work is done by the 
electric field on the moving charges inside V.?* Thus if conservation of energy 


(5.128) 





See e.g., J. B. Marion, Classical Electromagnetic Radiation, Academic Press, Inc., 
New York (1965), p. 118. 
2 If v = y(r, r) is the velocity field of the moving charges, then J = py and 


Jess] ev - EdV, 


The quantity pE dV is the force exerted by the electric field E on the charge element p dV. 
Hence the scalar product of v and pE dV is the rate at which E does work on the charge 
element, and the rate at which E does work on all the moving charges in V is given by 


Ji eser 


This is also the rate at which energy is dissipated in Joule heat (J. B. Marion, op. cit., 
p. 119). 
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is to hold, the vector P, called Poynting's vector, must represent the density 
of flow of energy in the electromagnetic field (attributable to the phenomenon 
of radiation). 

In the case of a medium of dielectric constant c, magnetic permeability 
uw and conductivity a, we have 


D=cE, B—uH, j=sE, 
and (5.127) is replaced by 


Q cE? + uH’? ; ; 
2 e dy = — Jj P.ndS — HJ sE? dV. 
The energy density of the electromagnetic field is now 
eE? + uH’ 
8x i 
which reduces to (5.128) is c = 1, uw = l, i.e., in vacuum. The flux of 
electromagnetic energy into V is given by the same integral as before, in- 


volving the Poynting vector (5.126), and the last term again represents the 
rate at which energy is dissipated in Joule heat. 


SOLVED PROBLEMS 


Problem I. Prove that if y is a harmonic function (Ad = 0), then the 
vector ry satisfies the biharmonic equation 
2? o'(ry) 
AA(ry) = —— A e JR, d Ap 
e Ox, Ox; (r¥) Ox, Ox, Ox, OX, 


Solution. Clearly 





Oe ia ie ci oy 
ax, (ry) = ak (ix,v) = iy + cre , 
and hence 
S o2 0,095, 99, 08 
dup rS OR ax o 
2 
= 2i, oy + oe 
Ox, Ox, Ox, 
or 
A(ry) = 2 Vy -|- TA y. 
Therefore 


A(ry) = 2 Vy, 
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since Ay = 0 by hypothesis. But the operators A and V commute (why?), 
and hence 

AA(ry) = 2 AVY = 2VAy = 0, 
as asserted. 


Problem 2. Prove that if a velocity field v is potential (v = Vo), then 
the acceleration field dv/dt is also potential. 


Solution, Setting A — B — v in formula (4.93), we obtain 
V(v?) = 2(v - Vv + 2v x curl v. 


Therefore the acceleration field 


dv ov 
2:3 Tv. Vv 
can be written in the form 
dv ov p? 
A v(2) v x curl v. (5.129) 
But 
v= Vo, curl v = curl Vg = 0, 
and hence 


a caco evi v3) 


Therefore dv/di has a potential ®, equal to 
_ 09 
or 


Problem 3. Integrate the equation of fluid motion (5.64) if the flow is 
irrotational (curl v = 0) and barotropic [o = p(p)], while the body forces are 
derivable from a potential (f = — VQ). 


Solution. Using (5.129) and the fact that curl v = 0, we can write (5.64) 
in the form 


y? 
zo )er- 2. (5.130) 
2 e 


But curl v — 0 implies v — io while 


UNE e(p) 


(the flow is barotropic). es (5.130) becomes 


(F M NEU Z2) =o 
a 2 ep) 
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with solution 


9g | v dp _ 131 
a toI 1p) V), (5.131) 


where (t) is a function of time only. In the case of stationary motion of an 
iacompressible fluid (p — const) subject to no body forces, (5.131) reduces to 


Bernoulli's law 
p? 
E T p — const. (5.132) 


Problem 4 (The Kutta-Joukowski theorem). Let L be a rigid plane contour 
immersed in a stationary flow v, where v is incompressible, irrotational (curl 
v = 0) and plane (i.e., dependent on only two coordinates, say x, and x;). 
Suppose the velocity of the fluid far from Z has the constant value va, and 
suppose there are no body forces (f = 0). Suppose finally that the “per- 
turbational velocity” v' = v — v,, due to the presence of L falls off like l/r, 
where r is the distance from the origin O chosen to lie inside the contour L 
(see Fig. 5.8). 


Lem BL. | " 
Jo oe NS : 
ENDE 


X 1 


er 


g 





Fic. 5.8. Illustrating the Kutta-Joukowski theorem on the force acting 
on a rigid contour immersed in a stationary flow of an ideal fluid. 
Prove that the force F exerted by the moving fluid on the contour L is 
F - olv, x in, 


where p is the density of the fluid, i, is a unit vector along the x,-axis, and 


P= v.d 
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is the circulation of the velocity field around L. In other words, show that 
the lift experienced by the contour L is perpendicular to v,, and is of magni- 
tude proT, a result known as the Kutta-Joukowski theorem. 


Solution. Applying the momentum theorem (5.72) to the volume of fluid 
contained in a cylinder of unit height with faces in the shape of the plane 
region between the contour L and a circle L, of radius r surrounding L (see 
Fig. 5.8), we find that the force F acting on a unit length of an infinite right 
cylinder intersecting the x,x,-plane in the contour L equals? 


pen. $. pads — $ vY(v » ) ds; (5.133) 


where ds is an element of arc length along L,, p is the pressure and p is 
the density. Since Bernoulli's law applies here, we can substitute (5.132) 
into (5.133), obtaining 


F-5$ bn ds — e$, vv) ds 
(p is constant), where we use the fact that 


_dy d 
$ nds = $, (~i o rare A dic s. (—i dy +igdx) — 0. (5.134) 


Then, replacing v by v, + v', where v, is the velocity of the fluid at infinity 
and v' is the perturbational velocity due to the presence of L, we have 


2 
— LC - e / = i 
F= $ nds+o$ Ve vds $$ v n ds eve $ C n) ds 


=p $ ve. -n)ds — p $ vv - n) ds. 


The first integral vanishes because of (5.134), while the fourth integrai 
vanishes because of the incompressibility of the fluid (explain this further). 
The third and sixth integrals are both of order l/r, and their sum will 
accordingly be denoted by O(1/r). It follows that 


; M 1 
F= $ elve -v'yn — v'(v, ' n)] ds + o(^) ; 
and hence 


j 1 
F = e$, v. x (n x Y) ds + o(^] 





*! The integrals over the faces of the cylinder vanish since v | n and hence v* n = 0 on 
the faces, while the value of ff pn dS on one face is the negative of its value on the other 
face. 
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by the formula (1.30) for the vector triple product. But 


$ va x(nxv,)ds—v,x (f^ ds) xv, — O, 
and therefore i 
F= P$ Yo x (n x v) ds + o(* 


(5.135) 
= d =}. 
py, X $ (a x v) ds t o(^) 
Now let t be the unit tangent vector to Lo, so that 
n—cxiü 
(see Fig. 5.8), and 
nxv—(rxi)xv-—i,(t:v) — t(i- v) = i,(¥ > T). 
Thus (5.135) becomes 
l 
= i : de -|- Of- 
F — pv, X TA dr -| (G) 
where dr = tds, or i 
F = ev, xi + o(;) ; (5.136) 
r 


where 
r = $ v dr 


is the circulation of v around L,. Since the radius of the circle L, is arbitrary, 
we can take the limit as r — oo in (5.136), obtaining 
F= (tim n. x 
ro 
But, since the motion is irrotational, the circulation around any circle L, 
surrounding L is the same as the circulation around the contour L itself, 
and hence 


lin T = P= $v.dr. 
r-*c L 

It follows that F= lve x, 
where 


r= $y : dr. 
This completes the proof of the Kutta-Joukowski theorem. 
Problem 5. The equation for equilibrium of a fluid is 
ef — Vp (5.137) 
[set v = O in (5.66)], where f is the body force per unit mass. Prove that 


SOLVED PROBLEMS VECTOR AND TENSOR ANALYSIS: RAMIFICATIONS 237 


equilibrium of a fluid is possible only in a force field such that the lines of 
force (the trajectories) of f are orthogonal to the trajectories of curl f. 


Solution. Taking the curl of both sides of (5.137), we obtain 


curl (pf) = Vp x f+ ocurl f = 0. (5.138) 
Then taking the scalar product of (5.138) with f, we find that 
f: curl f = 0. 


Therefore f must be orthogonal to curl f at every point of the field. This is 
always the case in a plane force field. Obviously, equilibrium is also possible 
in a potential field (curl f = 0). The equipotential surfaces of such a field are 
also surfaces of equal density (since Vp x f — 0) and surfaces of equal 
pressure (since Vp x f = 0). 


Problem 6. Consider two parallel infinite plates a distance h apart, 
where the top plate moves with velocity u, and the bottom plate with velocity 
us. Then the stationary velocity field of an incompressible fluid of viscosity 
u moving between the plates is of the form 





eg [ SP icai a (5.139) 
y dx h 


where x, lies in the lower plate and points in the common direction of motion 
of the two plates, x, is perpendicular to the plates, and dp/dx, is a constant 
pressure gradient. Find the circulation I' of the velocity around a circle 
Lp of radius R perpendicular to the flow with its center halfway between the 
plates. 


First solution. By direct calculation, we have 


l dp 


De $, "i dx, = 2u dx, 


$ 6d — hx) dx, 


iu $ X, dx, + us $ dx, 
R 


E 


In terms of the polar angle ọ, 
xy = R cos 9, x= 5 + Rsin 9, 
and hence 


an. 
p aX = -n[ sin 9 do = 0, 
uu Ore h . . ees 2 
$ X dx, = =R]; (; + Rsin e) sin o do = —nR', 


$ xi dx, = —R iE -+ R sin jj sin o dg = —R'hm. 
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It follows that 
Hı — Ue 
h 


Second solution. Applying Stokes’ theorem to the disk S bounded by 
Lg, we find that 


Pe Goal yeas = —[f fies 


E fast - ls 


r=— mR’. 





l 2 Ug 
= — h+2rsino—h aon nos |r ara 
Jm Errat e — h) " 
= UU RR 


h 


Problem 7. Express the kinetic energy of a stationary irrotational flow 
of an incompressible fluid of density p occupying a volume V in terms of an 
integral over the surface S bounding V. Prove that if the fluid is at rest on 
the surface S, then it is at rest throughout the volume V. 


Solution. Let v be the velocity field. Since curl v — 0, we have v — Vo, 
where 9 is the velocity potential. Thus the kinetic energy is 


r=£ fff av= fff votar 


Using the incompressibility condition 


div v = div(Vg) = Ap = 0 
and the formula 
div (pA) = 9 div A +A- Vg, 
we find that 


=£ [ff div (v Vay — 5 ff] edivevo =! [|J dive Vo) dV 
V V V 


(set A = Vo). Using Gauss’ theorem to transform the volume integral into 
a surface integral, we obtain 


z. se Vo ds = 8 [f 9 Pas 


If the fluid is at rest on S, then v|, = 0 and hence 


a9 
ðn ls 
which implies T = 0, i.e., the fluid is at rest throughout V. 


— v-n[ — 0, 
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Problem 8. Let v = v(r, r) be the velocity field of a moving fluid, and let 
A = A(r, t) be another vector field occupying the same region of space.” 
Find a necessary condition for conservation of the trajectories of A, i.e., a 
condition for the trajectories of A to always consist of the same fluid particles. 


Solution. Let MN be a trajectory of A at time £t, and suppose MN is 
deformed into M'N' at time t’ while remaining a trajectory. Let a and d be 
two neighboring particles of MN, which go into two neighboring particles 
b and c of M'N' (see Fig. 5.9). Then A x ôr = O at time f, while A’ x 
Sr’ = Oat time /' = t + At, where the meaning of A, A’, 3r and ôr’ is shown 





Fic. 5.9. If the trajectories of the field A are conserved, then the particles 
forming the trajectory MN at time t move in such a way as to again form 
a trajectory M'N' at any other time t’. 


in the figure. From the quadrilateral abcd we find that 


dr = or + v(r + 8r, D At — v(r, ) At = 8r + x dx, At 
Xy 


= &r + (8r V)v At, 
if only linear terms are retained. Therefore 


(^ 4 "LED x [8r + (8r- Vv Ar] = O, 
t 


since M'N’ is a trajectory. Expanding the vector product, recalling that 
A x àr = 0 and retaining only linear terms, we have 


> x Sr [A x (èr - VE = 0 (5.140) 
or 


PRI x À = 0, 


** For example, A might be the acceleration field dv/dt or the “vorticity field” curl v. 
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since Sr is parallel to A. This is the required necessary condilion for con- 
servation of trajectories of A. 


Remark. It can be shown?’ that 


= — (A- Vw + A divv — 0 (5.141) 
is a necessary and sufficient condition for conservation both of trajectories 
of A and of the intensity of vector tubes of A. 
Note that, (5.141) implies (5.140). 


Problem 9. Let v = v(r, t) and A = Afr, t) 
be the same as in the preceding problem. At 
time 7, let T(r) be the circulation of A around 
a closed contour L,, and at subsequent times 
t+ Ar let T(r + At) be the circulation of A 
around the new contour L,,,, (see Fig. 5.10) 
made up of the same fluid particles as L, 
Fia. 5.10. Illustrating thechange (such a moving contour will be called a “fluid 
of circulation around a fluid contour”). Derive an expression for dl/adt. 

SUE Find a necessary and sufficient condition for 
conservation of the circulation of A around any fluid contour. 





Solution. Since 
T(t) = f, A(r, f) - dr, 


we have 
dar 
dt 3 2m VM At m Alr, t + Ar): dr — $, Lt Am ar) 
= lim T, $,, [At t + At) — Alr, 0]: dr 


+ 


LieAt 


A(r, t) - dr — $, Ar, 0): ar) 


oA 
: dr jin A(r, t) - dr — A(r, £): dr 5.142 

Le Qt Li dise AT ss mu $, oe | } 
To calculate the last limit on the right in (5.142), we consider the flux of the 
veclor cur] A through the closed surface formed by two "caps" S,, Sae 
supported by the contours L,, L,,4, and the lateral surface Sy made up of the 





** See N. E. Kochin, I. A. Kibel and N. V. Roze, Theoretical Hydrodynamics (iranslated 
and edited by D. Boyanovitch and J. R. M. Radok), John Wiley and Sons, Inc., New York 
(1964), Sec. 5.5. 
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segments of the trajectories of the fluid particles "swept out" in time Ar 
(see Fig. 5.10). Since curl A is a solenoidal vector, it follows from Gauss' 
theorem that 


ff n. curl A dS + ff n- curl A as + J] n» curl A dS = 0, 
St+ae 8t So 

where dS denotes a generic surface element. Applying Stokes’ theorem to the 

first two integrals on the left and bearing in mind that the interior normal to 

S, points in the direction of advance of a right-handed screw turned along 

L, we obtain 


$ roach Danes $. A(r, t): dr = — jj n: curl A dS. 


But 
ndS —drxvAt 


on the lateral surface S,. It follows that 
$us A(r, 1) dr — $, A(r, f) -dr = At $, (curl A x v)-dr, (5.143) 


where we have used formula (1.27). 
Next, substituting (5.143) into (5.142), we find that 


dr OA 
"a lag PNR as. 
or 


T = es curl A + curl(curl A x | nds, 


after applying Stokes' theorem again. Writing B — curl A and then using 
Prob. 8, p. 180 to expand curl (B x v), we finally obtain 


d He (B- V) + B div v) «nds. 
di! gy (dt 
Since S, (like L,) is arbitrary, it follows that dl'/dt = 0 and hence F = const 
if and only if 

[e (B - V)v + B div v = 0. 

dt 
Recalling the remark on p. 240, we conclude that a necessary and sufficient 
condition for conservation of the circulation of a vector field A = A(r, t) 
around an arbitrary fluid contour is that the trajectories of curl A and the 
intensity of vector tubes of curl A both be conserved. In particular, (5.144) 
implies Thomson's theorem, which states that the time derivative of the 
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circulation of the velocity field v around any fluid contour equals the circula- 
tion of the acceleration field dv/dt around the same contour. In fact, setting 
A = vin (5.144) and noting that 
y? 
v(5) = (v. V) + vx curly 
(recall Prob. 2, p. 233), we have 


dr Ov p* dv 
— = Lac te mv vè) a= IL 


§,,9(5) -dr = 0, 


being the integral of a single-valued function around a closed contour. 


since 


Remark. Given a vector field A = A(r, t), a trajectory of the field curl A 
is called a vortex line of A, and a surface formed by the vortex lines going 
through some closed contour is called a vortex tube. Thus we have shown 
that a necessary and sufficient condition for conservation of the circulation 
of A around an arbitrary fluid contour is that the vortex lines of A and the 
intensity of vortex tubes of A both be conserved. 


Problem 10. Show that if r is the distance between the points (xi, x2, Xa) 
and (Ei, E2, Ča), then the function 


2 (6 be Es, i d 
A re EE 


r 
where g is twice differentiable but otherwise arbitrary, satisfies the equation 


of = 0, 
where O is the D'Alembertian operator 


9? 0* 0* 10? 


f(x, Xs, X9) = 


LJ -: — A 
oxi oxi oxi eor 


Solution. Calculating Af, we have 
l 


l 
Af=-Ve+eV-. 

r r 
Using (4.74) and denoting differentiation with respect to the argument 
ie by a prime, we obtain 

c 
or ras Be ie a a E 
r c r r 


er r cr r 
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(recall Exercise 2a, p. 182). It follows that 


— divVfe dy reí E. £ 
Af = div Vf = div|r(4 E i 


cr c r 

g g r g” 2g' g’ A) g 

uud Eu drop RUE e EL 38) £ 
(5 A) { cr? oc e r cr 


(recall Exercise 3a, p. 182). But 


2 2 2? 
2 ( T °) or at 
p 
and hence 
1 of 
SM ae 
i.e., 
Oof=0, 


as required. 
Remark. Consider the equation 
D f = —ng(Gxi, X2, Xa t), (5.145) 


where g vanishes outside of some finite volume V. Then by an argument like 
that used to solve Poisson's equation in the proof of the fundamental 
theorem of vector analysis (see Sec. 5.7), it can be shown that the solution of 
(5.145) can be written in the form 


gl En £o: &s f 
fr Xo X» 1) = JJ jeu el -i dt, d£, dén, 


where 

p V(x, — E)! + (x2 — E) + (xa — Eo). 
In particular, the solutions of the equations (5.123) satisfied by the vector 
and scalar electromagnetic potentials can be written as 


j[ £s 5s Ea, t 
A xw x 0 = 7 JJ] 5 À — — Em 


outed E, Es t 


J — de, d&_ dés, (5.146) 


(x, Xa Xy t) — | Í f :) dé, dé, dé, (5.147) 
V 
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These solutions show that the current and charge at the point (či, Éz, £3) 
influence the potentials at the point (xi, X2, x3) with a time delay r/c equal 
to the time it takes a signal travelling with the velocity of light to traverse the 
distance r between the two points. For this reason, (5.146) and (5.147) are 
often called retarded potentials. 


Problem 11. Show that electromagnetic disturbances propagate with 
velocity 
ea 
vue 
in a medium of dielectric constant « and magnetic permeability u, provided 
there are no free charges or currents (p = 0,j = 0). 


Solution. Taking the curl of the third Maxwell equation (5.109) with 
D = cE, we have 
curl curl H = £ curl 9E gs z curl E. 
c 


ð cât 


Together with the first and second Maxwell equations (5.107) and (5.108), 
this implies 
2 
an=, (5.148) 
c* at 
where we use (4.96) and the constitutive relation B = uH. In the same way, 
it is easily verified that 
AE = T, (5.149) 


It follows that the initial values 


Ej... = E), Hj... = H,(r) 


of the electromagnetic field at time 1 = fọ propagate with velocity NI ue, 
as asserted. In other words, (5.148) and (5.149) describe the propagation 
of electromagnetic waves, and hence are called wave equations. 


Problem 12. Show that the function 
H = Hye *"  (H, = const) (5.150) 
satisfies equation (5.148) if 
k = |k| = sius : 
Solution, Clearly, we have ° 
eH 


EY me (io Heee E — e! H, toten = —w*H (5. 15 1) 
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and 
AH - H, Ae!'st-ien = Hye"! Aer, 


Moreover the jth component of Ve 7!'*? is 


oO g "imo kom kazal = —ik,e*", 
Ox, 
so that 
Ver = — ike" '"*", 
and similarly 
Ae =V. Ve" = (ik . ik)e '"*" — —Kk?g- "n 
Therefore 
AH = Hoe't Ae" — — k He'e = —K*H. (5.152) 


It follows from (5.151) and (5.152) that 


and hence (5.148) is satisfied if 
k = |k| = ~ Vie 


Remark. The vector k is called the wave vector, and its magnitude k can 
be expressed in terms of the wavelength >, i.e., the distance (along k) between 
consecutive points where H takes identical values at any fixed time. In other 
words, A satisfies the relation 

k 
gn e [e (r2)] = geo ik 


which implies 


Ak = 27 

or 
ug 
k 


The solution (5.150) of equation (5.148) and the similar solution 
E= Eeteen 


of equation (5.149) describe a plane monochromatic electromagnetic wave.?? 
In fact, the wave front (the surface of constant phase) belongs to the family 
of planes 

k +r = const. 


Since these planes are perpendicular to the vector k (see Prob. 9, Case 4, 


$? The adjective “monochromatic” refers tothe fact that the (angular) frequency w 
is constant. 
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p. 44), a plane wave always propagates in the direction of the wave vector k. 
Using the Fourier integral, we can represent an arbitrary electromagnetic 
wave as a superposition of plane monochromatic waves with different 
frequencies w and wave vectors k. 


Problem 13. Describe the propagation of electromagnetic waves in 
a medium of dielectric constant e, magnetic permeability u and conduc- 
tivity c. 


Solution. Inside a conducting medium we have 


ep =0 
(no free charge) and 
j= cE 


(Ohm’s law). Therefore Maxwell’s equations (5.107)-(5.110) can be written as 





curl E = — E oH ; 
c Of 
div E = 0, 
cud es c OE Ye 4na 
ði 
div H = 0. 
It follows from these equations that? 
uc OH 4xuc 0H 
m + aum cB (5.153) 


and similarly 
uc FE Ag. 4xuc OE — 
cor c? Qt 


Suppose we look for a solution of (5.153) of the form 





0. (5.154) 


H = Heer (5.155) 
Substituting (5.155) into (5.153), we find that k must satisfy the equation 
“tk = Qu pH Eg (5.156) 
€ 


It follows that k must be complex, i.e., 


k =k, + ik, (5.157) 


?* Take the curl of the third equation, and then use the first and second equations. 
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Substituting (5.157) into (5.156), we obtain 


2Tu00 





(5.158) 


k- k=Ëo, kk=- , 
: t È "e c* cos 0 


where cos 06 = cos(k,, k) and x/2 « 8 r (since kik > 0). Solving 
(5.158) for k, and k;, we find that 


i e Sf (otn ei]. 


o [up | [| Ano Y. q" 
ac c-r 


ew cos 6 








Combining (5.155) and (5.157), we find that 


H = Hye tee, (5.159) 
and similarly 
E = Ee": te oer) (5.160) 


since equations (5.153) and (5.154) are of exactly the same form. 


EXERCISES 


I. Prove that the rules for covariant differentiation of sums and products of 
tensors coincide with the corresponding rules for ordinary differentiation of 
tensors. For example, if A;, and B,, are second-order tensors, prove that 


(A. + Badr = Aka? Baa 


(Aix Ban) E Aix Buy "E AjkB yg t 
2. Show that 


üp.. a 
Eu Er ppp. 


axk ox! 
3. Prove that in orthogonal coordinates "m = 0 if the indices i, j, k are 


distinct, while 


i dg i a T i h; ah, 
ii] a te i EC ji) — hax 
in terms of the metric coefficients ^; (no summation over repeated indices 
i +j) 
4. Show that 
3 EE . : 
ga (uA BP) = Aj 4B! + A'B, x 
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5. Prove that the covariant derivative of the magnitude of a vector A equals 


l . 
To, NT E 
JA], i IA] jA 


6. Prove that the analogues of equations (5. 59), (5.61) and (5.65) in generalized 
coordinates x!, x?, x? are 





aut 3 tk 
P US, e =P + ple 
pik = —pg  2uv'* — fupiol,, 
P x V pove + of! — gt £ bug (rh a t fug” zg a) 


Write the last of these equations in terms of the covariant components of the 
velocity field. 


Hint. The contravariant components of the rate of deformation tensor are 
ML dr aiu n = g RETO, m + DE 
7. Prove that each of the fields 
A = Jehki, + Axixli, —- 3xtx2ha, 


B = V9 x Vo (e and y scalar functions) 
is solenoidal. 


8. Find the general form of the function /(r) such that the field A = f(r)r is 
solenoidal. 


Ans. f(r) -= cjr? where c is an arbitrary constant. 
9. Prove that each of the fields 
A = (6x,x, + x3)i, + (3x? — Xq)ig ^: (Ixix — Xia. 
B = pvp (p a scalar function) 
is irrotational. Find the potential of the field A. 
Ans. A = (3x2x, + xix] -~ xaxa + const). 


10. Prove that if the fields A and B are irrotational, then the field A x B is 
solenoidal. 


11. Let V be a finite volume bounded by a surface S. Suppose we have found a 
vector field A -- A(r) in V, with prescribed divergence and curl, satisfying the 
boundary condition 


A. n|s = f(r). 
Prove that A is unique. Is f completely arbitrary? 


12. Deduce (5.139) from the Navier-Stokes equation. 
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13. Let v — v(r) be the stationary velocity of a moving incompressible fluid. 
Prove that the flux of curl v is the same through every cross section of a vortex 
tube (of v). Prove that the intensity of a vortex tube (see p. 218) equals the 
circulation of v around any closed contour bounding a cross section of the tube. 


14. Let v = v(r, 7) be the velocity field of a moving fluid. Prove that the 


circulation 
$ v. dr 
Ly 


around any closed fluid contour L, (see p. 240) is independent of the time, 
provided the body forces have a potential and the fluid is barotropic (i.e., 
the density of the fluid is a function of the pressure). 


Hint. Use Thomson’s theorem. 


15. Under the same conditions as in the preceding problem, prove Helmholtz's 
theorem which states that the vortex lines (of v) and the intensity of vortex tubes 
are both conserved (in time). 


Hint. Use the remark on p. 240. 


16. Show that the waves (5.159) and (5.160) are attenuated, i.e., that |H| and 
JE| decrease as |r| increases (for sufficiently large |r| and sufficiently narrow 
wave fronts). 
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